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Abstract. We consider a class of self-injective special biserial algebras Ajv over a field K and 
show that the Hochschild cohomology ring of Ajv is a finitely generated /f-algebra. Moreover 
the Hochschild cohomology ring of Ajy modulo nilpotence is a finitely generated commutative 
/f-algebra of KruU dimension two. As a consequence the conjecture of [18], concerning the 
Hochschild cohomology ring modulo nilpotence, holds for this class of algebras. 



Introduction 

Let IK be a field. For m ^ 1, let Q be the quiver with m vertices, labeled 0, 1 . . . , m — 1, and 
2m arrows as follows: 




Let ai denote the arrow that goes from vertex i to vertex z + 1, and let denote the arrow that 
goes from vertex z + 1 to vertex i, for each i = 0, . . . , to — 1 (with the obvious conventions modulo 
to). We denote the trivial path at the vertex « by e^. Paths are written from left to right. 

In this paper, we study the Hochschild cohomology ring of a family of algebras Ajv given by 
this quiver Q and certain relations. Let N 1, and let Ajv = IKQ/Jjv where /jv is the ideal of KQ 
generated by 

aifli+i, ai_iai_2, (0^0^)^ - (ai„iai„i)^, for i = 0, 1, . . . , to - 1, 

where the subscripts are taken modulo to. These algebras are all self-injective special biserial 
algebras and as such play an important role in various aspects of representation theory of algebras. 

First, consider the case iV = 1, so that Ai = KQ/Ii where Ii is the ideal of KQ generated by 
OiOi+i, ai-iai-2 and 0^0^ — ai-iai-i, for i = 0, . . . , to — 1. In the case where to is even, this algebra 
occurred in the presentation by quiver and relations of the Drinfeld double of the generalised Taft 
algebras studied in [6]. It also occurs in the study of the representation theory of ?7g(sl2); see 
[17, 19, 20]; see also [5]. In the case iV = 1, the Hochschild cohomology ring of the algebra Ai with 
TO = 1 is discussed in [1], where q-analogues of Ai were used to answer negatively a question of 
Happel, in that they have finite dimensional Hochschild cohomology ring but are of infinite global 
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dimension when g e K* is not a root of unity. The more general algebras Ajv occur in [8, 9], in 

which the authors determine the Hopf algebras associated to infinitesimal groups whose principal 
blocks are tame when K is an algebraically closed field of characteristic p ^ 3; among the principal 
blocks that are obtained in this classification are the algebras Apn with m = vertices, for some 
integers n and r. 

This paper describes explicitly the structure of the Hochschild cohomology ring of the algebras 
A;v, for all N ^ 1 and m > 1, and in all characteristics. In particular, we determine the Hochschild 
cohomology ring of the algebras Ai of [6] and the algebras of [8]. 

The main results show that the Hochschild cohomology ring, HH*(Ajv), is a finitely generated 
K-algebra. We give an explicit basis for each cohomology group HH"(A/^) together with gen- 
erators of the algebra HH*(Ajv). We then determine explicitly the Hochschild cohomology ring 
modulo nilpotence, HH*(Ajv)/A/', where Af is the ideal of HH*(A^) generated by all homogeneous 
nilpotent elements. Furthermore, we show that the conjecture of [18] holds for all A^r, that is, 
that HH*(AAr)/7V is a finitely generated K-algebra. Moreover, we show that HH*(Ajv)/A/^ is a 
commutative ring of KruU dimension 2. 

It is to be expected that the results in this paper will give some insight into the more general 
problem of verifying the conjecture of [18] for all special biserial algebras, and, indeed, for all 
Koszul algebras since the algebra Ai is a Koszul algebra. A general description of the multiplicative 
structure of the Hochschild cohomology ring of a Koszul algebra was given in [2], but it remains 
open as to whether the conjecture of [18] holds for all Koszul algebras. For comparison, we recall 
that the conjecture has been verified for finite-dimensional monomial algebras A in [12], where it 
was shown that 1IR*{A)/Af is a finitely generated commutative algebra of Krull dimension at most 
1. 

We now outline the structure of the paper. Section 1 describes the minimal projective resolution 
[P*,d*) of the algebra Ajv as a bimodule, together with an explanation of the construction of this 
resolution. This construction is of more general interest and applicability. Section 2 describes the 
methods used to find the dimensions of the kernel and image of the induced maps in the complex 
Hom(P*,Ajv) and hence gives the dimension of each Hochschild cohomology group HH"(Ajv) in 
the case m ^ 3. In calculating HH*(Ajv), we first consider the general case m > 3, and start with 
a description in section 3 of the centre of A^r, that is, of HH'^(A7v), before giving the structure of 
the Hochschild cohomology ring for m > 3 in sections 4 and 5. Section 6 deals with the case m = 2 
and section 7 with the case m = l. The final section summarises the paper, and remarks that the 
finiteness conditions (Fgl) and (Fg2) of [7] hold when TV = 1, thus enabling one to describe the 
support varieties for finitely generated modules over the algebras Ai . 

1. A MINIMAL PROJECTIVE BIMODULE RESOLUTION 

Let TV > 1, and let Ajv = ^Q/In where In is the ideal of KQ generated by aiOj+i, ai_iaj_2 and 
{aiUi)^ — (cii-iai-i)^ , for i = 0, 1, . . . , to — 1. Where there is no confusion, we label the arrows 
of Q generically by a and a. We write o{a) for the trivial path corresponding to the origin of the 
arrow a, so that 0(0,) = ej and o{ai) = Ci+i. We write t(a) for the trivial path corresponding to 
the terminus of the arrow a, so that t{ai) = ej+i and t(o,) = Cj. Recall that a non-zero element 
r G KQ is said to be uniform if there are vertices v, w such that r = vr = rw. Let St denote the 
simple module at the vertex i, so that {So, . . . , Sm-i} is a complete set of non-isomorphic simple 
modules for Ajy. 

The Hochschild cohomology ring of a K-algebra A is given by HH*(A) = Ext'^^{A,A) = 
®„^o ExtXe(A, A) with the Yoneda product, where A^ = A°p (^ik A is the enveloping algebra of A. 
Since all tensors are over the field K we write (g) for throughout. 

2 



We now describe a minimal projective bimodule resolution {P*, d*) of A;v By [14], we know that 
the multiplicity of Ae^ ejA as a direct summand of P" is equal to the dimension of Ext^(S'i, Sj). 
Thus we have, for n ^ 0, that 

We wish to label the summands of P" by certain elements in the path algebra KQ. The 
description given here is motivated by [11] where the first terms of a minimal bimodule resolution 
of a finite-dimensional quotient of a path algebra were determined explicitly from the early terms 
of the minimal right A-resolution of A/r, where t is the Jacobson radical of A, using [13]. 

We start by recalling briefly the theory of projective resolutions developed in [13] and [11]. In 
[13], the authors give an explicit inductive construction of a minimal projective resolution of A/r 
as a right A-modulc, for a finite-dimensional algebra A over a field K. For A — KQ/I and finite- 
dimensional, they define g° to be the set of vertices of Q, to be the set of arrows of Q, and g"^ to 
be a minimal set of uniform relations in the generating set of /. and then show that there are subsets 
g",n > 3, of KQ, where a; G <?" are uniform elements satisfying x = "^y^gn-i yvy = "Yjzeg^-^ 
for unique ry,Sz G KQ, which can be chosen in such a way that there is a minimal projective 
A-resolution of the form 

. Q4 ^ Q3 ^ q2 ^ Ql ^ qO ^ ^ 

having the following properties. 

(1) For each n > 0, = Uxeg" K^)^- 

(2) For each x G 5", there are unique elements rj e KQ with x = gj^^rj. 

(3) For each n > 1, using the decomposition of (2), for x & g", the map — > Q""^ is given 
by 

i{x)X^^r,t{x)X. 
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where the elements of the set 5" arc labeled by 5" = {<?"}■ Thus the maps in this minimal 
projective resolution of A/r as a right A-module are described by the elements Vj which are uniquely 
determined by (2). 

In [11], these same sets are used to give an explicit description of the first three maps in 
a minimal projective resolution of A as a A, A-bimodule, thus connecting the minimal projective 
resolution of A/r as a right A-module with a minimal projective resolution of A as a A, A-bimodule. 
Wc use the same ideas here to give a minimal projective bimodule resolution for the algebra Ajv, 
for all 1. In the case where = 1, the algebra Ai is Koszul, and we refer to [10] which uses 
this approach and gives a minimal projective bimodule resolution for any Koszul algebra. 

We start with the case N = 1 and define sets in the path algebra KQ which we will use to 
label the generators of P". 

1.1. The bimodule resolution for Ai. Consider the algebra Ai. For each vertex i = 0, . . . , to— 1 
and for each r = 0, . . . , n, we define elements 5"^ in KQ as follows. Let 

where the sum is over all paths p of length n, written p = 0:102 ••• Q!„ where the ai are arrows in 

Q, such that 

(i) P e CiKQ, 

(ii) p contains r arrows of the form a and n — r arrows of the form a, and 

(iii) s = J2a,=aj- 
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It follows that gl^^ G ei(KQ)ej+„_2r, for i = 0, . . . , m — 1 and r = 0, . . . , n. Since the elements g"^ 
are uniform elements, we may define o{g"^) = e, and t{g^^) = ei+n-2r- Then 

P"" = e™o'[®"=oAio«,) ® t(5r,JAi]. 

We set 

m— 1 

5"= UKJ^ = 0,...,n}. 

i=0 

It is easy to see, for the cases n = 0, 1, 2, that we have g^ i = ei, g^ ^ = ai and g\ ^ = —ai-\, whilst 
5o,i = 9\,i = aitti - at-iat-i and c/| ^ = -ai-iai-2. Thus 

5° = {e, I i = 0, . . . ,m- 1}, 

5^ = {tti, -tti I I = 0, . . . ,m - 1}, 

g2 = {aifli+i, flifli - ai-ifli-i, -ai-iai_2 for alH}, 

so that is a minimal set of uniform relations in the generating set of Ii . 

To describe the map 9": P" P"^^, we need to write the elements of the set g" in terms of 
the elements of the set g"^^- The proof of the next lemma is straightforward, and is left to the 
reader. 

Lemma 1.1. For the algebra Ai, for i = 0, 1, . . . , m — 1 and r = 0,1, . . . ,n, we have: 

9li = 5"7'a,+„_2.-i + {-irg:il,a,+^-2r = (-l)'^a^ff"7+i + (-l)''ai-i<?,"ri',,_i 
with the conventions that gl^ ^ = and g^'^^ = for all n, i. Thus 

9o,i = 5o,7'«i+n-i = Oi5o,7+i and gl^^ = (-l)"5^Zi\.ai_„+i = (-l)"ai-i5^Zi\i_i. 

Since Ai is Koszul, we now use [10] to give a minimal projective bimodule resolution 
of Ai. We define the map d^: Ai to be the multiplication map. However, to define 9" 

for n ^ 1, we first need to introduce some notation. In describing the image of o(,g"j) t(,9"i) 
under 9" in the projective module P"~^, we use subscripts under ® to indicate the appropriate 
summands of the projective module Specifically, let Or denote a term in the summand of 

P^~^ corresponding to g^Z^ , and ®r-i denote a term in the summand of corresponding 
to g^Zi _ , where the appropriate index — of the vertex may always be uniquely determined from 
the context. Indeed, since the relations are uniform along the quiver, we can also take labeling 
elements defined by a formula independent of i, and hence we omit the index i when it is clear 
from the context. Recall that nonetheless all tensors are over K. 

Now, for n > 1, keeping the above notation and using [10], we define the map 9" : P" — > P"-i 
for the algebra Ai as follows: 

9" : 0(5(;?_ J (8> 1-^ {e^ ®r a,+n-2r-l + (-l)"ei ®r-l ai+n-2r) 

+ (-l)"((-l)''ai ®r ei+n-2T + {-lyOi^l ®r-l ei+n-2r)- 

Using our conventions that g^n = and ^^^^ = for all n, «, the degenerate cases (r = 0, r = n) 
simplify to 

^" : o(5o,i) ^ K9o,i) '-^ ei 0o ai+n-i + (-l)"ai 0o ei+„ 
where the first term is in the summand corresponding to g^^^ and the second term is in the 
summand corresponding to (7o7+i' whilst 
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with the first term in the summand corresponding to g^-l i and the second term in the summand 
corresponding to g^Z\ 

The following result is now immediate from [10, Theorem 2.1]. 

Theorem 1.2. With the above notation, (P",9") is a minimal projective resolution of K\ as a 

Ai, Ki-bimodule. 

1.2. The bimodule resolution for Ajv with N ^ 1. We now consider the general case N ^ 1. 
In this case we use the approach of [10, 11] to construct a minimal projective resolution for Aj^. 
We keep the conventions that g^^ ^ = and ^"7^ ~ ^' throughout the paper. 

Definition 1.3. For the algebra Ajv (iV > 1), for i = 0, . . . , m — 1 and r = 0, . . . , n, we define 
goi = ei, and, inductively for n > 1, 

' + (-l)"5"ri,ia(aar-' ifn-2r>0; 



V(aa)^-i + i-l^g'^zl.a if n - 2r < 0; 



gl^-'aiaa)^-^ + g'^ZtA^^a)^ if " = 2?-- 

Remark. (1) If N = 1, the above definition reduces to that given for Ai. 

(2) We have g^ ^ = ai and g\,^ = — flj-i, for all i. Also g^ ^ = aiUi+i, gl^ = (aicii)^ — 
{(ii-iai-i)^ and g^ i = —ai-iai-2, for all i. Hence g^ is a minimal set of uniform relations 
in the generating set of In . 

(3) The projectives in a minimal projective bimodule resolution of are given by 

The next result is an analogue of Lemma 1.1 for the cases n — 2r > and n — 2r < 0. The proof 
of the Lemma is easy to verify and is omitted. 

Lemma 1.4. For the algebra A^ (N ^ 1), for i = 0, . . . , m — 1, n > 1, and r = 0, . . . , n, we have: 
( gl^-^a + (-l)"c;;?ri a(aa)^-i = {-lyag^-'^ + {-iya{aa)^-'^g^zl ifn-2r>0; 

9r,i = 

[ gr'aiaay-'-' + i-irg^zla = {-iya{aa)''-^gr^ + {-lyagl'zl ifn-2r<Q. 
We now define the maps 9". 

Definition 1.5. For the algebra Ajv {N ^ 1), and for n ^ 0, wc define maps 9" as follows. For 
n = 0, the map d^: ^ An is the multiplication map. For n ^ 1, and i = 0, 1, . . . , m — 1, the 
map 9" : P" — > P"-i is given by 9" : Cj (g)r ei+„_2r '-^ 

a ej+(„_i)_2rO + (-l)"+'~aei+i (g)^ ei+i+(„_i)_2r 

+[-iy+'^a{aa)^~'^et-i 0^-1 ej_i+(„_i)_2(r-i) 

+{-iyei ej+(„_i)_2(r-i)a(aa)^"^ if n - 2r > 0, 

Bi (gir e.,+{„-i)-2ra(aa)^"^ + (-l)"+''a(aa)^-iei+i ej+i+(„_i)_2r- 
+ (-l)"+'aej_i (^r-i ei_i+(„_i)_2(r-i) 

+(-l)"ej Or-i ej+(„_i)_2(r-i)a if n - 2r < 0, 

+ {aay[{-l)^aei+i + ei ei+ia](aa)^"'=~^ if n - 2r = 0. 
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In order to prove that (P", 9") is a minimal projective resolution of A/^ as a An, A;v-bimodule, 
we use an argument which was given in [11]. To do this, we note that 



as right Ajy-modules and that the map idi^d" : AAr/r^A^ P" Ajv/t(8)Ajv -P" is equivalent to 



the map ©^q' ©r=o K9r,i)^N 



i=0 



:o t(<i ')Ajv given by 



t«i) 



f t«-i)« + (-i)n(5rrL)aM^-^ 

%"-i)a(aa)^-i + (-l)"t(.g,"r^,Ja 



if Ti 
if n 
if n 



2r > 0, 
2r < 0, 
2r = 0. 



It is then straightforward (with Lemma 1.4) to see that {An/x^An P", id (8)9") is a minimal pro- 
jective resolution of An/x as a right Ajv-module, which satisfies the conditions of [13] as explained 
above, for all ^ 1. For completeness in the proof of Theorem 1.6, we explain in full the strategy 
used in [11, Proposition 2.8]. 



Theorem 1.6. With the above notation, (P",9") is a minimal projective resolution of An as a 
An , A^-bimodule, for all N 1. 

Proof The first step is to verify that we have a complex by showing that = 0; this is 
straightforward and the details are left to the reader. 

Now suppose for contradiction that Kcr9"^^ ^ Im9" for some n > 1. Then there is some non- 
zero map Kerd"'~^ Ker9"~^/ Im9". Hence there is a simple A^v, Ajy-bimodule U (S)V and epi- 
morphism Ker9"~^/Im9" ->* C/ (S) y such that the composition / : KerS""^ — > Ker9"~^/Im9" -» 
U (E)V is a non-zero epimorphism. 

Now, [/ is a simple left AAr-module, V is a simple right AAr-module and the functor AAr/r®Aiv ~ 
preserves monos and epis. Since (An /t (E)Ai^ P",id(8) 9") is a minimal projective resolution of 
An/v as a right AAr-module, we have that Ajv/r (8)a„ Im9" = Im(id (g) 5") = Ker(id (g) 9"~^) = 
An/x:^a„ Ker9"~^. Thus, applying the functor Ajv/r(g)A„ — to the map 9" : P" — > P"-i gives: 

An/x ®a^ P" > An/v (8>a„ P"-' 

Ajv/t i^Aj, Im a" -^-^ Ajv/t Oajv Ker 9"-^ '-^^ An/x 0Ajv U^V. 

The map id / is non-zero so the composition An/x (^An -P" An/x (8)An U(SiVis non-zero. 

However, this is simply the functor An/x^An ~ applied to the composition P" ^ Ker 9" U<SiV. 

Now the composition P" ^ Ker 9" ^ U<SiV is zero since Im 9"~^ C Ker 9". This gives the required 
contradiction, so the complex is exact. 

Finally, minimality follows since we know that the projectives are those of a minimal projective 
resolution of Ajv as a Ajv, Ajv-bimodule from [14]. □ 

We note that the degenerate cases (r = 0, r = n) in the maps d" may be written as: 
9" : ei (8)0 ei+„ i-s- ej (8o ei+„_ia + (-l)"'aei+i (8o ei+„ 

and 

9": Cj (8n Si-n aCi-i (8n-l ei-n + (-l)"ei (8n-l ei-n+io-. 
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1.3. Conventions on notation. So far, we have tried to simplify notation by denoting the idem- 
potent 0(5",;) t(,g"i) of the summand Ajvo(,9" J ® t(.g"j) Ajv of P" uniquely by ®r ei+„-2r where 

^ i ^ m — 1. However, even this notation with subscripts under the tensor product symbol be- 
comes cumbersome in computations and in describing the elements of the Hochschild cohomology 
ring. Thus wc make some conventions (by abuse of notation) which we keep throughout the paper. 

First, we note that, in the language of [3], the n-th projective module P" in a projective bimodule 
resolution of Ajv is denoted S 0s Vn 0s S where S is the semisimple K-algebra generated by the 
idempotents {eo, ei, . . . , Bm-i} and Vn is the S, S-bimodule generated by the set 

{9r,i I i = 0, 1, . . . , m - 1, r = 0, 1, . . . , n}. 

(Note that here 0s denotes a tensor over S, that is, over a finite sum of copies of K; we continue to 
reserve the notation exclusively for tensors over K.) There is a bijective correspondence between 
the idempotent 0(51" J t(g"i) and the term e, 0s 3"^ 0s ei+„_2r in y„, for i = 0, 1, . . . , m — 1 and 
r = 0, 1, . . . , n. 

Since ei+„_2r € {eo, ei, . . . , Cm-i}, it would be usual to reduce the subscript i + n—2r modulo 
m. However, to make it explicitly clear to which summand of the projective module P" we are 
referring and thus to avoid confusion, whenever we write e^+fe for an clement of P", we will 
always have i G {0, 1, . . . , m — 1} and consider i + fc as an element of Z, in that r = (n — fc)/2 
and Bi ei+fe = ej 0n^ e,+fe and thus lies in the ^^^-th summand of P". We do not reduce 

1 + k modulo m in any of our computations. In this way, when considering elements in P", our 
element a a+k corresponds uniquely to the idempotent 0(51"^) t{g^^) of P" (or, equivalently, 
to Bi 0s g"i 0s ei+„_2r) with r = {n — k)/2, for each i = 0, 1, . . . , m — 1. 

Since we take 0<z<to — Iwe clarify our conventions in Definition 1.5 in the cases i = and 
i = m — 1, to ensure that we always have < < m — 1 in the first idempotent entry of each 
tensor {ej — ). Specifically, we have: 
9" : eo e„_2r i-> 

eo e(„_i)_2ra + (-l)"+''aei ei+(„_i)_2r- 

+{-l)'^+-^a{aa)'^~^em-i e„_n_(„_i)_2(r-i) 

+ (-l)"eo e(„_i)_2(r-i)a(aa)^~^ if n - 2r > 0, 

eo e(„_i)_2ra(aa)^"^ + (-l)"+''a(aa)^-^ei ei+(„_i)_2r 

+ (~l)"^''^em-l em_i+(„_i)_2(r-l) 

+ (-l)"eo e(„_i)_2(r-i)a if n - 2r < 0, 

Z]^o^(«a)''[eo e-ia + (-l)5ae„_i e„i]{aa)^~''~^ 

-|-(aa)''[(-l)'3-aei eo + eo eia](aa)''^~''~^ if n - 2r = 0, 

and 9": e^-i em-i+n-2r '-^ 

Bm-i e„_i+(„_i)_2ra + (-l)"+''aeo e(„_i)_2r 
+(-l)""^'^a(aa)^"^eTO_2 e„_2+(„-i)_2(r-i) 

+(-l)"eTO_i e„_i+(„_i)_2(r-i)a(aa)^"^ if n - 2r > 0, 

e^-i em_i+(„_i)_2ra(aa)^"i + (-l)"+''a(aa)^"ieo e(„_i)_2r 
+(-l)"-+''aem_2 e„_2+(„_i)_2(r-i) 

+(-l)"e„-i e„_i+(„_i)_2(r-i)a if n - 2r < 0, 

Sfc!jo^(aa)''[em_i em-2a + {-l)^aem-2 e,n-i]{aa)^~''~'^ 

-|-(aa)''[(-l)taeo e_i + e^-i eTOa](aa)^"''"^ if n - 2r = 0. 
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Our notation Cj <8) ej+/; is used without further comment throughout the rest of the paper. 
We end this section by determining the dimension of each space HomAi^ (P", Aat) for each n ^ 0. 

1.4. The complex HomA'=^ (P", Ajv)- All our homomorphisms are A^-homomorphisms and so we 

write Hom(— , — ) for HomA^, (— , — ). 

Lemma 1.7. // m ^ 3, write n = pm + t where p ^ and ^ t ^ m — 1. Then 

dimKHom(P", Ajv) = < )/ , .( i 
^ ' \ (4p + 4)mA'^ ift = m-l. 

// m = 1 or m = 2 then 

dimKHom(P",AAr) = 47V(n+ 1). 

Proof An element / in Hom(P", Ajv) is determined by the elements /(cj (g) ei+n-2r), which can 
be arbitrary elements of eih.Ne-i+n-2r- 

Suppose first that m > 3. Then, for vertices we have 

[ 2A^ ifi = i, 
dimejAjvej = < N if i — j = ±1 (mod m), 
[ otherwise. 

For a finite subset X <z "L and ^ s ^ m — 1, we define ys{X) = \{x £ X : x = s (mod m)}|. 
With this we have 

dimHom(P", Ajv) = mN{2vo{In) + !^i(/«) + i^-i(/«)) 

where /„ = {n — 2r : ^ r ^ n}. We observe that the disjoint union /„ U /„_i is equal to [— n, n], 
the set of all integers x with — n < a; < n. Clearly VQ{[—n, n]) = 2p + 1 and 

{2p if i = 

2p+l ifl<t^rn-2 
2p + 2 ift = m-l. 

Moreover z/_i([— n, n]) = i'i([— n, n]), by symmetry. 

The lemma now follows by induction on n, with the case n = being clear. For the inductive 

step, note that 

dimHom(P", Aat) = miV(2i^o(/n) + i'i(/n) + i'-i(/n)) 

= mA/'(2!/o([-n,n]) + 2z/i([-n,n])) -dimHom(P"-\Ajv). 

The statement for dimHom(P", Aat) now follows for m ^ 3. 

In the case m = 1, we have P" = ©"^q^JV ® Ajv and dimAjv = 4A'^. Thus dimHom(P", Ajv) = 

m{n + i). 

Finally, for m = 2, suppose first that n is even. Then P" has n + 1 summands equal to 
AjvCo ® eoAjsr and n + 1 summands equal to AjvCi (8) eiAjv. By symmetry, dimHom(P", Ajv) = 
2(n + 1) dimeiAjvei = 4iV(n + 1). For n odd, P" has n+1 summands equal to Ajveo eiAjv and 
n+1 summands equal to AArei(8'eoA]v. Hence, again using symmetry, we have dimHom(P", Ajv) = 
2(n + 1) dimeoAjvCi = AN{n + 1). This completes the proof. □ 



2. The dimensions of the Hochschild cohomology spaces for m > 3. 



We give here the main arguments we used to compute the kernel and the image of the differen- 
tials, and leave the details to the reader. We denote both the map P" and its induced map 
Hom(P"-i, Ajv) ^ Hom(P", Aat) by 9". Then we have that HH"(AAr) = Ker(a"+i)/Im(9"). We 
assume without further comment that m ^ 3 throughout this section. 
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2.1. Explicit description of maps. In order to compute the Hochschild cohomology groups, 

we need an explicit description of the image of each (E)r ei+„_2r = ei+n-2r under / S 
Hom(P", An) for i = 0, 1, . . . , m — 1. We write n = pm + t with O^t^m — l,p^O. 

The image /(ej (g) ei+n-2r) lies in ejAjvCj where j G Z„ with j = i + n — 2r (mod m). Since 
BiAj^Cj = (0) if the vertices i and j are sufficiently far apart in the quiver of A^r (at least for 
m ^ 3), for a non-zero image /(cj (8> ej-j-„_2r) we are only interested in examining the cases 
where i + n — 2r = i,i — l,i + 1 (mod m). This leads to the consideration of terms of the form 
f{ei (g) ei+srn), .f{ei ® Si+sm-i) and /(e^ ® ei+s„i+i) where s £ Z, s > 0. 

For any s ^ and O^z^m — 1, we have that /(cj (g ej+sm) is a linear combination of the 
elements {aa}'^, < fc < N—1, and (aa)'', 1 ^ k ^ N; f{ei^ei+srn-i) is a linear combination of the 
a{aa)'', ^ fc ^ iV — 1; and /(e^ is a linear combination of the a{aa)'' , ^ k ^ N — 1. 

For TO ^ 3, we give here a list of the terms which must be considered in giving a possible non- 
zero image of /; these are used without further comment throughout the paper. (We assume 
TO > 3; the cases to = 1 and m = 2 are different and are considered separately later.) For each 
i = 0, 1, . . . , TO — 1: 



m even, m ^ 2 



m odd, m 7^ 1 



t even 


fie, 


^ ei-\-am)i 


-f^ < a < p, 


t odd, t ^ m — 1 


fie, 


® ei+/3m-l), 


-p < /3 < p. 




fie, 




^ 7 ^ p, 


t = m — 1 


fie, 


® ei+f3m-l), 






fie. 




-p - 1 < 7 < p, 


t even, 


fie, 


■X) ei+(p_2a)m)) 


< a < p, 




fie. 


® ei+(p-2f3-l)m-l) f 


0</3<p-l, 




fie. 


^ ej_|_(p_27_i)m+l)) 


0^7<p-l, 


t odd 


fie. 


^ ei+{p-2a-l)m) 1 


0<a<p-l, 




fie, 


® ej+(p_2/3)m-l)) 


< /3 < p. 




fie, 


8) ej_|_(p_27)m-|-l)) 


< 7 < i', 


t = m — 1 


fie, 


(g) ei+(p_2a)m)> 


^ a < p, 




fie. 


® ei+(p-20-l)m-l)i 


-l</3<p-l. 




fie, 


^ Cj_|_(p_27_l)m-|-l)) 


< 7 < 



2.2. Kernel of 9^™+*+! : Hom(PP™+*, A^) ^ Hom(PP"+*+i, Aw). An element / in 
Hom(P^""+*, Ajv) is determined by /(ej (g) ei+„_2r) for appropriate i G {0, 1, . . . , to — 1}. Each 
term /{a (g) ei+„_2r) can be written as a linear combination of the basis elements in ejAjvej+„_2r, 
and we need to find the conditions on the coefficients in this linear combination when / is in 
Ker(9P™+*+^. To do this, we separate the study into several cases: when to is even, we consider 
the three cases (i) t = m — 1, (ii) t even, and (iii) t odd with t ^ m — 1, and, when to is odd, we 
look at the four cases (i) t = to — 1, (ii) t = to — 2, (iii) t even with t 7^ to — 1, and (iv) t odd 
with t ^ TO — 2. Note that in some cases a factor N appears so that the results depend on the 
characteristic of K. Note also that, when to is odd, the case charK = 2 needs to be considered 
separately. 

/(e, (g e,+am) E^^o^ <fcKa«)'' + J2k=i T^fc(«i-i«i-i)''> 
fiei Ci+ffm-i) = J2k=o ^tki°'(^)''0'i-ii 

f{ei O Ci+^rn+l) = T,k=0 P^lki^O'fo-i^ 

in K, for i = 0, 1,...,to— 1. 

in order to illustrate the general method. In both 
these cases, for consistency with our convention on the writing of elements (g e^+fc with i G 
{0, 1, . . . , TO — 1} and k G li, and to simplify, we shall use the following notation: if n € Z, (n) 
denotes the representative of n modulo to in {0, 1, . . . , to — 1} . In particular, (to) = (0), and this 
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For / e Hom(PP"+*, Ajv), we write < 



with coefficients a°',^, t^^, X^^^ ^..^ ^ 
We shall now do two of the cases above. 



and /ij 



must be borne in mind when computing kernels and images. We write df (rather than QP'^+t+'^f'j 
for the image of / under the map 9^™+*+! : Hom(Pf'"+*, Ajv) Hom(PP'"+*+\ Ajv). 



with 0<i<m — 1. So/ 



Case m even and t even. In this case, / is entirely determined by the /(ej (8) ei+^'m) for 

—p^a'^p and i G {0, 1, . . . , m — 1} and df is determined by 
\df{ei (g) ei+f3m-i) for - p < /3 < p (or -p < /3 ^ p + 1 if f = m - 2) 
\df{ei (g) Ci+jm+i) for - p ^ 7 ^ p (or -p - 1 ^ 7 ^ p if t = to - 2) 
is in the kernel of d if and only if df{ei (g) ei+pm-i) = = df{ei <S> Cj+^m+i) for all i, /3 and 7. Now 

a/(ej (g) ei+/3™_i) = 

if/3>0 



(-l)(P-«f.J_,,„-af„ 



a(aa) 



fe=l 



(aa)'=a if /? < 



9/(ei (g) ei+T,m+i) 



('_n(p-7)3^rr'' 



JV-l 
k=l 



« + E 

a(aa)^-i 



if 7 > 0. 

For any a' with —p^a'^ p, we can see that ctq q determines the other afg (setting /3 or 7 to be 
a'). Combining the cases /3 < and 7^0 tells us that the t"1 for k = 1, . . . ,N — 1 are determined 
by the crf^,. Finally the t"jy are arbitrary, and the aff, for fc = 1, . . . , A'' — 1 are arbitrary. Therefore 
the dimension of KeraP'"+*+^ in this case is {2p + 1) + {2p + l)m + {2p + l)m{N - 1). 



Case TO even and t odd, t ^ m — 1 

J/(ei g) ei+/3'm-i) for -p^fi'^p, 
\/(ei g) ei+y-m+i) for - p ^ 7' =^ 
and 3/ € Hom(P(P+^)"*, Aat) is determined by df{ei g) ej+am) for — p ^ cc ^ p. Now 



In this case, / is entirely determined by 
with i G {0, 1, . . . , TO — 1} 



df{ei (g) ei+am) = < 



A?,o + (-l)^^+^^^AO+,)^o + (-l)(f+i)^4_,^_o+<o] if « = 



+ Eto A^fc(aa)'=+i + (-l)(f+i+«)^ Ef=o A^,+i),fe(aa)'=+^ if a > 
Ef=o' Mf,_i),fe(aa)'=+i + Et"o' if a < 0. 



So for a = 0, A°g, for z e {0, . . 



1} and /ig g determine the other /i°o: unless the charac- 



teristic of K divides A''. For a > 0, /Ltfg and Ag jy-i determine the other Xfj^_i, and for a < 0, 
A"g and A^o iv-i determine the other Moreover, for a > the A"^, for fc = 0, . . . , iV — 2 are 

all 0, and for a < the ^"j, for fc = 0, . . . , iV — 2 are 0. The remaining A"^,, are arbitrary, 
and there are 2m{N — 1) + pm{N — 1) + pm{N — 1) = 2(p + 1)to(A^ — 1) of these coefficients. 
This gives dimension: (m + 1) + p{m + 1) + p{m, + 1) + 2{p + l)m,{N — 1) if charK { N and 
(to + 1) +p(to + 1) +p(to+ 1) + 2{p+ l)m{N - 1) + to - 1 if charK | N. 



Note that when computing the dimensions in the case to odd and charK 2, we often need to 
introduce additional cases depending on the value of p modulo 4 and the value of to modulo 4. We 
summarise the results in the following two propositions, which separate the cases charK { A'' and 
charK I N. 
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Proposition 2.1. 7/ char K f A/', the dimension 0/ Ker 9^™+*+^ is as follows. 



If m even (2p + l)(miV + 1) 

{2p + l){mN + 1) + m{N - 1) 
{2p + l){mN + 1) + m{N - 1) 



ift even, 

if t odd, t ^ m—1 
if t = m — I. 



If m odd {2p + l){mN + 1) 

and charK = 2 {2p + l)lmN + I) + m{N - 1) 
{2p+l){mN + l) + 2 
{2p + l){mN + 1) + m{N - 1) + 2 



if t =^ m — 1, p + t even, 
ift^m — 1, p + t odd, 
if t = m — 1, p even, 
if t = m — 1, p odd. 



If m odd {2p + l)mN + f + 1 

and char K^2 {2p+ l)mN + f 

{2p + l)mN + m{N - 1) 
{2p + l)mN + m{N - 1) 
{2p + l)mN + m{N - 1) 
{2p + l)mN + m{N - 1) 
{2p+l)mN + ^ 
{2p + l)mN + £±i 
{2p + l)mN + 
{2p + l)mN + 2 
{2p + l)mN + m{N - 1) + 



f + 3 
2 + 2 



P+i 
1 

£-1 
2 

2 ' 

£ 

2 



P+1 



ift = (mod 4), t ^ m — 1, p even, 

if t = 2 (mod 4), t ^ m — \, p even, 

if m + t = 1 (mod 4), t ^ m — 1, p odd, 

ifm + t = 3 (mod 4), t ^ m — 1, p odd, 

if t = 1 (mod 4) , p even, 

ift = 3 (mod 4), p even, 

ift = m (mod 4), p orfrf, 

if t = m + 2 (mod 4), p odd, 

ift = m~l = (mod 4), p even, 

if t = m— 1 = 2 (mod 4), p even, 

if t = m — 1, p odd. 



Proposition 2.2. 7/ char K | N, the dimension 0/ Ker 9^ '"+*+^ is given by the following. 



If m even 



If m odd 

and charB 



If m odd 

and char IK ^ 2 



{2p+l 
{2p + 2 
{2p + 2 

(2p+l 
(2p + 2 
{2p+l 
(2p+2 



{2p+l 
(2p+l 
(2p + 2 
(2p + 2 
(2p + 2 
(2p + 2 
{2p + 2 
{2p + 2 
{2p+l 
{2p+l 
{2p + 2 
{2p + 2 
{2p+l 
(2p + l 



{raN + 1) 

m,N + 2p 
{mN + 1) 

(mA^ + 1) 
mN + 2p 
(mA^ + 1) 
[mN + 1) 



mN + 
miV + 
miV + 
mN -\- 
mN + 
miV + 
mN -\- 
mN + 
mAT + 
mN + 
mN + 
mA" + 
mN -\- 
mN + 



1 



£ 
2 
£ 
2 

£-1 

2, 
P+1 

£^ 
2 

£ 
2 

2 ^ 
£ _ 1 

2, 
P+1 

2, 
P+1 

pIi 

2 

f + 3 
2 + 2 



i/ 1 even, 

if t odd, t ^ m — 1 
if t ^ m — 1. 

if t ^ m, — 1, p + t even, 
if t m, — 1, p + t odd, 
if t = m — 1, p even, 
if t = m — 1, p odd. 

ift = (mod 4), p even, 

if t = 2 (mod 4) , p even, 

if t even, p = 1 (mod 4) 

if m + t =1 (mod 4), p = 3 (mod 4) 

if m + t = 3 (mod 4), p = 3 (mod 4) 

if t odd, p = (mod 4) 

ift=l (mod 4), p = 2 (mod 4) 

ift = 3 (mod 4) , p = 2 (mod 4) 

ift = m (mod 4), p orfd 

if t = m + 2 (mod 4), p odd 

ift = m— l,p = 3 (mod 4) 

ift = m— l,p=l (mod 4) 

if t = m— 1 = (mod 4), p even 

if t = m— 1 = 2 (mod 4), p even. 



2.3. Image of 9^"+* : Hom(PP"+*-S Ajv) ^ Hom(PP™+*, Ajv). We explain here how to compute 
Im exphcitly (rather than simply compute its dimension with the rank and nullity theorem) 
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on the same cases as for the kernels, in order to be able to give a basis of cocycle representatives for 

each Hochschild cohomology group HH"(AAr). For an clement g G Hom(P'""+*~^. Ayv), wc consider 
Qpm+tg^ and find the dimension of the subspace of Ker(i9P™+*+^) spanned by all the d^^'^^g. We 
shall again use the notation (n) for the representative modulo m of the integer n, and write dg for 

Qpm+tg_ 



Case m even and t even, t 7^ 0. 

The map dg is determined by dg{ei 

\g{ei (8) ei+i3>m-i) for -p < /3' < p 
\g{ei (8> ei+^'m+i) for -p < 7' < p 



'i+am) for —p ^ a ^ p and g is determined by 
with i e {0, 1, . . . , m - 1} . Now 



dg{ei (g) ei+am) = < 



N 



(-ir^M?i_i),o + M°o + Ko + (-ir^4+i>,oJ if " = 



(aa) 



(i+l),0 



(aa) 



+ Ek=o t^tkM^^' + Ef=oVfi-i),,M'+' if " < 0. 

We can check that in each case, the sum or the alternate sum over i e {0, . . . , m — 1} of the 
coefficients of the (aa)^ is zero (recall that (to) = (0) and that to is even), so for each a we add 
TO — 1 to the dimension, except when char K | N and a = 0, in which case, dg{ei 18) Cj) =0 and this 
makes no contribution to dimImc?P'"+*. Moreover, for a 7^ 0, we can take arbitrary coefficients 
for the (00)*^+^ with < fc ^ -/V — 2, and the coefficients of the (00)*^+^ are completely determined 
by those of the (00,)*^+^. 

2pm{N-l) if char Kf TV 
if char K I N. 



So dimKlmaJ""+* = 



('(2p+l)(TO-l)-f- 
\2p{mN-l) 

Case m even and t odd, t^m — 1. 

dg{ei 



The clement dg is determined by <^ 

g{ei (g) ei+a'm) for -p ^ a' ^ p. Now 
dg{ei (g) ej+/5„_i) = 

_(-l)(p+/^+i)tag_^^_^ 
dg{ei O Cj+^m+i) = 



ydg{ei 

(aa)^- 
a-E/c 



I ei+Hm-i) for -p^P ^p 
lei+^m+i) for -p < 7 <p 



and g is determined by 



a 

AT-l 



(-l)(p+/'+l)^4_l),.- 



(aa) a 



a(aa)^-i 



,7 



a(aa)* 



if /3 > 
if /3 < 

if 7 > 
if 7 < 0. 



For < a' ^ p (rcsp. —p^a'< 0), the coefficient of {aa)'^'^^d (rosp. a) in dg{ei ® ei+Q/,„_i) 
is equal, up to sign, to the coefficient of a (resp. a{aa)^~^) in dg{ei (8) ei+a/^+i)- The coefficient 
of a in 9s((ej (8 ej_i) (that is, when a' = 0) is equal, up to sign, to that of a in dg{ei 8) Cj+i). 
Moreover, either the sum or the alternate sum over z e {0, . . . , to — 1} of these coefficients is zero 
(depending on the parity of {p + a' + 1)^)- They contribute to — 1 to the dimension of Im9^"*+* 
for each a' . The remaining coefficients of the (aa)'^a and a{aa)'', for k — 1, . . . , N — 1, are arbitrary 
except for the case 7 = 0, where the coefficient of a{aaY is equal, up to sign, to that of {aaYa in 
dg{ei (S) e^-i) (for /3 = 0). 

So dimKlmaJ""+* = (2p+ 1)(to - 1) + {2p+\)m{N - 1). 
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2.4. Dimension of HH"(Ajv). We will now give the dimension of each of the Hochschild coho- 

mology groups of A^r. Note that the dimensions can be verified using Propositions 2.1 and 2.2, 
together with the rank and nullity theorem in the form dimIm(i9P™+') = dimHom(PP™+*~^, A^r) — 
dimKer(af'"+*). 



Proposition 2.3. If m is even, or if m is odd and char) 

and, for pm + t 0, 



2, then dimKHH°(A;v) = Nm + 1 



dimKHHf'"+*(A 



'Ap + 2 + m{N ■ 

4p + 4 + m{N ■ 
4p+l + mN 



1) if t^m- 1, chaiK\ N, 

1) if t = m~ 1, charK\ N, 
ift^m-1, charK | N, 
ift = m—l, charK | N. 



Proposition 2.4. If m is odd, charK ^ 2 and charK { N, then dimKHH'^(Ajv) 
for pm + t ^ 0, 



Nm + 1 and. 



dims HHf'"+*(AA,) = m{N - 1) + p + < 



1 
3 
1 

1 

-1 

1 

2 





3 

1 



ift 
ift 



0, p even, 

0, p odd, even. 



2 

ift = 0,p odd, ^^^^ odd, 



ift even, t ^ O.m, — 1, p even, 

if m + t = 3 (mod 4) even, t ^ 0,m — 1, p odd, 

ifm + t = 1 (mod 4) even, t 0,m — 1, p odd, 

ift = l (mod 4), p even, 

ift = 3 (mod 4), p even, 

ift odd, p odd, 

ift = m— I, p even, 

ift = m—l,p odd. 
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Proposition 2.5. 

for pm + t ^ 0, 



If m is odd, charK ^ 2 and charK | A'', then dimKHH''(Ajv) = Nm + 1 and, 



diniK HHf'"+*(A^) =mN+p+< 



1 

3 

1 



-1 
1 

-2 

1 

2 

-1 

-1 



3 

2 



1 



i/ 1 = 0, p = 0, 1 (mod 4) 
ift = 0,p = 2 (mod 4) 
ift = 0,p = 3 (mod 4), m 
if t = 0, p = 3 (mod 4), m 



1 (mod 4) 
3 (mod 4) 

if t even, t^Q,m—l,p + t = Q (mod 4) 

if t even, t =^ 0,m — 1, p + t = 2 (mod 4) 



if m + t = 1 (mod 4), t ^ 0, m — 1, p ; 
ifm + t = i (mod 4), t 7^ 0, m — 1, p ; 
if m + t = 1 (mod 4), t ^ 0,m — 1, p ■ 
ifm + t = 3 (mod 4), t ^ 0,m - 1, p i 
ift = \ (mod 4), p = (mod 4) 
ift = 3 (mod A), p = (mod 4) 
ift=l (mod 4), p = 2 (mod 4) 
i = 3 (mod 4), p = 2 (mod 4) 
if t odd, p + m — t = 1 (mod 4) 
if t odd, p + m — t = 3 (mod 4) 
ift = m-'l,p + m= l (mod 4) 
if t = m — 1, p + m = '3 (mod 4) 
ift = m— l,p=l (mod 4) 
ift = m— l,p = 3 (mod 4) . 



1 (mod 4), 
1 (mod 4) 
3 (mod 4) 
3 (mod 4) 



3. The centre of the algebra 

We start by describing Z{An), the centre of An, since it is well known that HH''(AAr) = Z{An)- 
Note that the next result requires m ^ 2; the case m = 1 is dealt with separately in Theorem 7.1. 

Theorem 3.1. Suppose that TV ^ 1, m > 2. Then dimHH°(A7v) = Nm + 1 and the set 

{l, {aiCLi)^ , [(ffliai)' + {'j-id-iY] for i = 0, 1, . . . , to — 1 and s = 1, . . . , iV — l} 

IS a K-basis o/HH"(AAr). 

Moreover, HH"(AAr) is generated as an algebra by the set 

{1, aitti for i = 0,1 ... ,m — 1} ifN=l; 
{l, {aiCLi)^ , [aiCbi + cbitti] /or i = 0, 1 . . . ,m - 1} if N > 1. 

The proof is straightforward since, for N > 1, we have [(aja,)* + (ajaj)*] = ([ajaj + ajaj])*. 



4. The Hochschild cohomology ring HH*(Ajv) for to ^ 3 and to even. 

In this section, we assume that iV ^ 1, m 3 and to even (so that, necessarily, to > 4) and give 
all the details of HH*(Ajv). In the subsequent sections we will consider the case N ^ 1, m ^ 3 and 
TO odd, and leave many of the details to the reader since the computations are similar. 
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4.1. Basis of HH"(Ajv). For each n > 1, we describe tlie elements of a basis of the Hochschild 

cohomology group HH"(AAr) in terms of cocyclcs in Honi(P", A^r), that is, we give a set of elements 
in Ker 9""^^, each of which is written as a map in Hom(P", Ajv), such that the corresponding set of 
cosets in Ker 9"+^/ Im with these representatives forms a basis of Ker 9"+^/ Im 9" = HH"(Ajv). 
Following standard usage, our notation does not distinguish between an element of HH"'(AAr) and a 
cocycle in Hom(i-'", Aat) which represents that element of HH"(AAr). However the precise meaning 
is always clear from the context. For each cocycle in Hom(P", Ajv), we simply write the images of 
the generators a (8) ei+„_2r in f " which are non-zero. We keep to these conventions throughout 
the whole paper. 

Proposition 4.1. Suppose that N ^ 1, m ^ 3 and m is even. For each n ^ 1, the following 
elements define a basis o/HH"(Ajv). 

(1) For n even, n > 2: 

(a) For -p^a^ p: Xn,a ■ ® Ci+am (-l)(^""^)*ei for i = 0,1, ... ,m - 1; 

(b) For -p^a ^ p: 'Kn,a ■ eo (8 Cam 1-^ (aoao)^; 

(c) For each j = 0,1, . . . ,m — 2 and each s = 1, . . . ,N — 1: 

i ej (g) Cj ^ {ujajY 

«) ej+i ^ (-1) 2 [ajajy; 

(d) For each s = 1, . . . ,N - 1: 
Cm-i (8i em-i i->- {am-iam-iy 

^eo (g) eo 1-^ (-1)^ (ooao)*; 

(e) Additionally in the case charK | N, for each j = 1, . . . , m—1: 6n,j ■ ej^ej {ajaj)^ . 

(2) For n odd, n ^ 1; 

(a) For — p < 7 < and, if t = m — I, ^ = —p — 1 also: 

^Pn,i ■ ei<^ei+jm+i (-1)*- '^^^ai{aiai)'^~'^ for all i = 0,1, ... ,m - 1; 

(b) For < 7 < p; ipnri '■ ® ei+^m+i ^ (-!)'• ^^-'^Oi for all i = 0,1, ... ,m - 1; 

(c) For < P ^p and, if t = m — 1, (3 = p +1 also: 
: fij (g) ei+/3TO_i (-1)" '2 '''"»ai_i(aj_iaj_i)-'^~^ for all i = 0,1, ... ,m - 1; 

(d) For -p < /? 5; 0; ipnjj ■ ® Ci+^rn-i 1-^ (-1)" 2 ""^Oi-i for alii = 0,1,..., m- 1; 

(e) For each j = 0,1, . . . ,m—l and each s = 1, . . . ,N —1: En,j,s '■ e.j ® ej+i {ajajYoj; 

(f) Additionally in the case charK | A^, for each j = 1, . . . ,m — 1: uJn,j ■ ej Cj+i 1-^ aj. 



n,m—l,, 



4.2. Computing products in cohomology. In order to compute the products in the Hochschild 

cohomology ring, we require a lifting of each clement in the basis of HH"(Ajv), that is, for each 
cocycle / e Hom(P", Ajy), we give a map C*f : P*+" P* such that 



(1) the composition P" 

(2) the square pi+n - 

pq-l+n 



po Ajv is equal to /, and 



s- pi commutes for every g > 1. 

d" 

pq-l 



It should be noted that such liftings always exist but are not unique. It is easy to check that the 
maps given in this paper are indeed liftings of the appropriate cocycle. 

For homogeneous elements 77 g HH"(Ajv) and 9 S HH'^(Ajv) represented by cocycles r] : P"' ^ 
Ajv and 9 : P'' ^ Ajv respectively, the cup product (or Yoneda product) r]9 € HH""'"'^(Ajv) is 
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the coset represented by the composition P"+'= — > P" — > Ajv- The fact that the cup product 

is well-defined means that the composition rjO does not depend on the choice of representative 
cocycles for rj and 9 or on the choice of the liftings of these cocycles. 



4.3. Liftings for N = 1. We continue to assume that m is even in the details that follow. 

Proposition 4.2. For n ^ 1 and the algebra Ai, m ^ 3 and m even, the following maps are 
liftings of the cocycle basis o/HH"(Ai) given in Proposition 4-1- 

(1) For n even, n > 2, and for —p^a^ p: 

• C'ixn,a- ei^ei+am+q-2e>-^ {-'i-)^^~"'^^''ei^ei+q-2e for alli = 0,l,...,m-l and all 

^ f ^ g, 

• £'7r„,a : eo eam+q-2e aoaoeo ® eq-2e for all ^ i ^ q, 

(2) For n odd: 

—p ^ 1 P if t ^ m — 1 

—p — 1^7^p if t = m — 1: 

C^ifin^^ : ei (g) ei+^m+i+q-2e ^ (-1)^^^^ T^)'+''ei (g) ei+q-2e ai+9-2£ 
for all i = 0,1, ... ,m — 1 and all ^ i ^ q, 

-p^ P ^P ift^m-1 

-p ^ f3 ^ p + I if t = m — 1: 

jO.'^tpn,/} ■ Si (g) ei+i3m-i+q-2e (-1)*-^ '^^)*ei (g) ei+q-2e ai+g-2e-i 
for all i = 0,1, ... ,m — 1 and all ^ i ^ q. 



• For 



• For 



4.4. Liftings for iV > 1. 



Proposition 4.3. For n ^ 1 and the algebra Ajv with N > l,m ^ 3 and m even, the following 
maps give a lifting of the cocycles in Proposition 4-1 above. Once again, to simplify cases and for 
consistency with our conventions, we use the notation (n) G {0, 1, . . . , m — 1} for the representative 

of the integer n modulo m. 

(1) For n even, n ^ 2; 
• For —p^a^ p: 

C''^Xn,a{&i ® ei+q-2e+am) = 
■[-l)^i 





(-1)' 
(-1)' 
(-1)' 

(-1)' 



"Cj (g) ei+q-2t 

'(aa)^-i- 

*(aa) 



\N- 



N-l 



Ci ' 



EN-1, -Nfc 



ei+2(aa) 
ei-2{aa)^~'^ 
ei+i{aa) 

N-2 



N-k-1 



1 \ 9i± v^JV-2/ 
-1) ^ Efc=o (aafae^i+i) 



EN-l,- w 



Ci ' 



i{aa) 



N-k-l 



for all i = 0,1, ... ,m - 



' T,k=a (aa) 
1 and all ^ i ^ q. 
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1 e(i+i)_ia(aa)^ ^ ^ 
) e(i_i)+ia(aa)^-*=-2 



if (q - 2i)a ^ 
if {q - 2£)a < and \q - 2£\ > 2 
if a <0 and q -21 = 2 
ifa>0andq-2e=-2 

if a <0 and q-2l=l 
if a> andq- 2i=-l 



• For —p^a^ p: 

!(aa)^eo ® e,_2^ if a{q -21)^0 

(aa)"eo «)ei(aa)^-^ if q - 21 ^ I and a < 

(aa)^eo O e_i(aa)^"i if q-2i=-\ and a > 

otherwise 

for alio !^q. 

• For eac/i j = 0, 1, . . . , m — 2 bkc? eac/i s=:l,...,7V— 1; 

[Cj+i (g) ej+i+g_2£ H^. (-1) 2 (aj-a^)«ej+i O ej+i+,_2« 
/or allOs^e^q. 

• For each s = 1, . . . , N — 1: 

p I em-l ® em_i+g_2^ 1-^ (am_iam_i)'*em_i (g) em-l+q-2e 

[eo(8>e,_2^ i-» (-1)2 (aTO_iOm_i)**eo (8> eg_2^ 
/or allOi^e i^q. 

• /n i/ie case char K | iV, for each j = 1, . . . ,m — 1: 

C^Onj ■■ ej ® ej+g_2e {'a-jO-j)^ej ej+q_2t for allO ^£^q. 
For n odd: 

• For — p < 7 < and, if t = m — 1, ^ = —p — 1 also: 

'O ifq-2i>l 

_(_l)^i^^^(aa)JV-ig.^g._^^a(ga)JV-i ifq-2(. = l 



\ (_l)9+ii^ir^ig. ^ ei+g_2^a(aa)^-i 
for all i = 0,1, ... ,m — 1 and all ^ £ ^ q. 
• For ^ 7 < p : 

o //7 > f/?,en Cipn^^^Ci (g) ei+^m+i+g_2^) = 
' (-1)9+" 2"""»ei (g) ei+q_2£a 

^(aa)fce,®ei_i(aa)^-'=-ia+ 

fc=0 

JV-2 

(_1)4^ ^(aa)'=ae(i_i) (g)e(i_i)+i(aa)^-'=-i 

fc=0 







(aa)-'^ ^ei iSi ei-2{aa)^ 



for all i = 0,1, ... ,m — 1 and all ^ i ^ q. 



ifq-2e^0 



if q- 21^0 



ifq-2i=-l 

ifq-2e=-2 
ifq-2£<-2 
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o 7/7 = then Ctpnfiiei <8> ej+i+g_2^) = 

[e, (8) ei+g_2£a - (-l)«(iV - l)ei O ei+q_2^+2a(aa)^"^] 



ifq-2£ = q 
i/ < g - 2£ < g 
ifq-2£< -1 



'Af-l fe-1 



fe=l v=0 



(-l)''t'(aa)''ae(i+i) (8)e(i+i)_i(aa)^ ^+ 

(-l)4i(aa)«ae<,_i) ® e(,_i)+i(aa)^— 1+ i/? - 2^ = -1 



N-l 



{aa)^ei <S> ej_ia(aa) 



N-k-l 



k=0 

for all i = 0,1, ... ,m — 1 and all ^ £ ^ q. 
• -For < /3 < p and, if t = m — 1, p = p+1 also: 

'o 



'C''V'n,/3(ei(8)ei+/3„i_l+q_2£) = < (-1)' 



(aa) Cj (8) ei_ia(aa) 



JV-l 



^ (-1)" ^ '"'e, (g) ei+g_2^a(aa)^~^ 
/or aZ/ ? = 0, 1, . . . , m — 1 and all ^ £ ^ q. 
• -For -p < /3 < 0; 
^ ///3 < 0, i/ien C'iil)n,0{ei ej+/3TO_i+g_2^) = 
(-1)" 2 (g) ei+g_2£a 

Lfe=o 



ifq-2e< -1 
i/g-2£ = -l 
ifq-2£>-l 



ifq-2£ < 1 



(-1)- 



(-1)'^' EfeLo^(aa)''ae(i+i) e(i+i)_i(aa) 



N-k-l 



(-1)' 





(aa) ej ig) ei+2 (aa) 



/or a/Zi = 0, 1, . . . , TO — 1 and all ^ £ ^ q. 

o If f3 = then £«'(/'n,o(ei ei_i+q_2^) = 
(-l)^'ei ei+q-2ea 

(-1)^' [ci O ei+q-2ia - {-iy{N - l)ei ei+q-2e-2a{ 
i-l)^'Ne, ® e,+,_2^a(aa)^-i 



aa 



,JV-11 



if q- 21^1 

ifq-2£ = 2 
ifq-2£>2 



ifq-2£ = -q 
if -q < q - 2£ ^ 
ifq-2£> 1 



(-1)^^ i E E [(aa)''ei ei_ia(oa)^-''-i+ 



, fe=l ti=0 



(-l)^(aa)"ae(,_i) e(,_i)+i (aa)^"''-! 
+ (-1) V (aa)''ae(i+i) e(j+i)_iaa)^"''~^ 
{aa^ei ei+ia(aa)^-''-i 



+ i/g-2^=l 



Af-l 



+ {aa)^ei ej+ia(aa) 



-\Ar-fe-l 



fe=o 



/or aZn = 0, 1, . . . , TO — 1 and all ^ £ ^ q. 
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For each j = 0,1, . . . ,m — 1 and each s = 1, . . . ,N — 1: 
riE — 

Cj (g) Cj+i 1-^ {aaYcj (g) Cja if q is even 

N-sN-s 

Cj <S) i-> ^ ^ [{ady~^^ej (g> ej+ia(aa)-'^~'"~^ + 

fe— v—k 

{aa)'"~^^ae(^j+i) (3 e(j+i)-i{aa)^~'"~^ if q is odd 

eo+i> ® e(j+i) ^ (-1)^ Yl [i-i)'^{aay+'aej O e.+iM^-^-^ 

fc=0 i;=fc 



+ (aa)^+'*+^e(j+i) (gi e(j+i)_ia(aa)-'^ " ^] if q is odd 
In the case char K | N, for each j = 1, . . . ,m — 1: 



e,- 0$ e-i 1-^ Y^ (aa)''aej+i ® ej(aa 



i<i) ■ ~ - - ^ 
fe=l v=0 

{aaycj iSi ej^ia{aa)^~'"~^] if q is odd 

N-l k-l 

n+l 



k=l v=0 

{da)'"aej <Si ej+i{da)^~'"~^ if q is odd 

e{j-y) (g e(j_^)+2« ^ (-1)^" (-l)"^^ae(j_^+i) (g e(j_^+i)+2«-i + 

e(j_^) ig) e(j_^)+2^+ia(aa)'^~-^] for 1 ^ w < and g' odd 

e{j-y) (g) e(j_„)+2„+i 1-^- (-l)T-'' [e(^j_y) O e(j_„)+2,;a- 

(-l)''+5a(aa)-'^~^e(j_„_i) (g) e(j_„_i)+2„+2] /or < < | and g even. 



4.5. The Hochschild cohomology ring HH*(Ai) for N — 1, m ^ 3, m even. 

Theorem 4.4. For N = 1, m ^ 3 and m even, HH*(Ai) is a finitely generated algebra with 
generators: 

1, aidi for i = 0,1, . . . ,m — 1 in degree 0, 

</'i,0)V'i,o in degree 1, 

X2,o in degree 2, 

"jOm-i -1, V'm-1,1 in degree m-1, 

Xm,i,Xm,~i in degree m. 

It is known from [18, Proposition 4.4] that those generators in HH*(Ai) whose image is in r are 
nilpotent, and it may be seen that the remaining generators of HH*(Ai), namely 1, X2,o, Xm,i and 
Xto,-1j are not nilpotent. Moreover xTo — Xm,iXm,-i- Thus we have the following corollary. 

Corollary 4.5. For N = 1, 3 and m even, 

HH*(Ai)/Ar ^ K[X2,0, Xm,l>Xm,-l]/(x"o - Xm,lXm,-l) 

and hence HH*(Ai)/A/' is a commutative finitely generated algebra of Krull dimension 2. 
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4.6. The Hochschild cohomology ring HH*(A7^) for N > 1, m ^ 3, m even. In this section 

we describe the main arguments behind the presentation of HH*(Ajv) by generators and relations. 
The first lemma indicates the method required to show that HH*(A7v) is a finitely generated algebra 
whilst the second lemma considers the relations between the generators. 

Lemma 4.6. Suppose N > 1, m ^ 3 and m even. Then 

(V X2,0X2,0 = X4,o; 
(2) 772,0 = (aoao)^X2,o- 

Proof (1) By definition, X2,oX2,o = X2,o • ^^X2,o- Now, from Proposition 4.3, £^X2,o(ei €5 
ei+2-2i) = (-l)*ei (8) ei+2-2^ for i = 0, . . . , m - 1 and < £ < 2, and X2,o(ei <8) e^) = (-l)*ei for 
i = 0, . . . , m — 1. Thus 

r2 r ^ . / {-iy{-lYei = ei if£=l, 

X2,o • C X2,o(e, ® e,+2-2.) = | ^ otherwise, 

for alH = 0, . . . , m - 1. Hence X2,oX2,o = X4,o- 

(2) We know that X2,o(ei (8> Cj) = (— l)*ei for i = 0, . . . , m — 1, 772,0 : eo (8) eo 1-^ (aoao)^ , and 
(aoao)^ e HH°(Ajv). Then 

((aoao)^X2,o)(e, ® e,) = X2,o((aoao)^e, ® e,) - ^ (-l)°eo(aoao)^ if i = 0, 



if i = 1, . . . ,m — 1. 

Thus 772,0 = (aoao)^X2,o- □ 

We remark that, for n even, 2 < n < m and writing n = pm + 1 as usual, we necessarily have 
p = 0, and thus, from Proposition 4.1, we have {xn,a | —p ^ oi ^ p} = {Xn,o}- Inductively, Lemma 
4.6 (1) gives, for n = 2k even, 2 ^ n ^ m — 2, that Xn,o = (X2,o)*^- 



Lemma 4.7. Suppose N > 1, m ^ 3 and m even. Then 

(V Xm,lXm,-l = 0; 

(2) iflo = 0; 

(3) (pi,oi^i,o = Nm{aoao)^X2,o; 

(4) for charK \ N, S = J2k=i ^ ^'^'^ ^« ~ {(^iO^i)^ for i = 0, 1, . . . , m — 1, we have 

{Sx2.o{si + i/ char IK = 2 and i ^ m — 1 

Sx2fi{sm-i + £0) i/charK = 2 and i = m — 1 
i/charK^^ 2. 

Proof (1) We have Xm,iXm,-i = Xm,i ■ j^"^Xm,-i- Since m is even. Proposition 4.3 gives 

{ei (8> ei+rn-2e if m - 2£ < 

if TO - 2£ > and |rn - 2£| > 2 

(aa)^-ie^ 8)e^+2(aa)^-i if to - 2^ = 2 

for alH = 0, 1, . . . , TO — 1 and all ^ € < to. Also Xm.ii^i ® Cj+m) = e, for i = 0, 1, . . . , to — 1. 
Hence Xm,i • 'C™Xm,-i(ei 'S> ei+rn~2e~m) = and Xm,iXm,-i = 0. 

(2) If charK 7^ 2, then cp^ = by graded commutativity of HH*(Ajv) so we may assume 
char K = 2. Thus we have </?i,o(ei ® ^i+i) = cn for i = 0, 1, . . . , to — 1, and, from Proposition 4.3, 
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-CVi.ole, O ei+i+i_2^) = 

e^^ei+ifli+i if£ = 0, 

{W-l fe-l 
m m [("'"'T^i ® ei+ia(aa)^"''"^ - (aa)''ae<i+i) (g) e(j+i)_i(aa)^"''"^ 

-(aa)^ae(i_i) (g) e(j_i)+i(aa)^-''-^ + (aa)''ei ei-ia{aa)^-'"-'^] if ^ = 1, 

Af-l 

+ ^ (aa)'=ej ei_ia(aa)^~'=~^ > 

fe=0 J 



for alH = 0, 1, . . . , m — 1. Hence 

<^i,o->C^<^i,o(ei(8iei+i+i_2£) = 



aittj+i if ^ = 0, 

Af-l fc-1 

- [{aafa^aiaaf-^-^ + (aa)"aa,_i(aa)^-"-i] if f = 1. 

fe=l v=0 



But ajOi+i = and (aiUi)^ +{ai-iai-i)^ = since char K = 2. Thus (pifi-C^ipifi{ei^ei+i+i-2e) ■ 
and so q = 0. 

(3) We have ipifi{ei (g ej+i) = Oj for i = 0, 1, . . . , m — 1, and, from Proposition 4.3, C^ipi^Q{ei > 
e-i-i+i-2t) = 

Ci (g) ei_iai_2 if ^ = 1, 

{N-l fe-l 
^ ^ [{day a (g) ei_ia(aa)^-''-^ - M^^ae^^.i) e(i_i)+i(aa)^-^-i 
fe=l i)=0 

-(aa)''ae(j+i) e(i+i)_iaa)-'^~''~-^ + (aa)''e, ei+id{ad)^~'"~'^] if ^ = 0, 

N-l ) 
\N-k-l 



{aaj^'ei (g) ei+ia(aa)'' 



fe=0 J 

for i = 0, 1, . . . ,m — 1. Thus <y9i,o • £^f/'i,o(ei <g) ej_i+i_2^) = if ^ = 1. On the other hand, 

Af-'l fe-l 

if ^ = 0, then v?i,o • >CVi,o(ei 6^)= XI [-(aa)''aai_i(aa)^-''-i + (oa)''aia(aa)^-^-i] + 

fe=l u=0 

AT-l iV-1 

^ (aa)'=aia(aa)^-'=-^ = ^ (a.ai)'^ = N{aidif . 

fe=0 fe=0 

Now define g e Hom(P^, Ajv) by Cj+i i— > (m — 1 — i)ai for i = 0, 1, . . . , m — 2 (with our 
usual convention that all other summands are mapped to zero). Then d^g € Hom(P^,Ajv) and, 

for i = 1, . . . , m — 2, we have 

d^g{ei ei) = Ef=o'[-(««)''aff(e*-i ® e,)ida)^-''-^ + (aa)'=5(e, e,+i)d{ad)^->'-^] 
= Ek^o[-iaa)''a{m - i)ai_i(aa)^-'=-i + (aa)'=(m - 1 - {)a,d(ad)^-''-^] 
= Efei)^[-("^ - i){di-iai-i)^ + (m - 1 - i)(aiai)^] 
= -iV(aiai)^. 

In a similar way, we also have d'^g{em-i Cm-i) = —N{am-id,m-i)^ ■ For i = we have, 
^^^(eo eo) = Ef=o'[-M'«5(em-i e„)(aa)^-'=-i + {adfgie^ ei)a(aa)^-'^-i] 

= Af(m-l)(aoao)'^. 
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Moreover, d g is zero on all other summands. Hence 

dg{e^®e^)-<y _N{aidi)'' if i = 1, . . . ,m - 1. 

So (fifi ■ C^ipifi + d^g is the map given by eo (g> eo i-^ Nm{aoao)^ and thus (pi^o ■ C^tpifi + d^g = 
Nm'K2fl- Using Lemma 4.6(2), we have that the cocycles </?i,o^i,o and Nm{aoao)^ X2,o represent 
the same elements in Hochschild cohomology so that </5i,oV'i,o = Nm{aoao)^ X2,o as required. 

(4) Finally, suppose char K \ N, S = J2k=i ^ ^^'^ ^» ~ {o-iO-i)^ for i = 0, 1, . . . , m — 1. For ease 
of notation we consider the product ipi_QLOi^i where 1 ^ i ^ m — 2; the cases i = and i = to — 1 are 
similar. We know ipifl{ej ® e^+i) = aj for j = 0, 1, . . . , to — 1 and, from Proposition 4.3, we have 

AT-lfe-l 

Bi^Bi^ ^ ^ [(oa)''oei+i ® ei{aa)^~^~^ — {adyBi (g) ei+ia(aa)^~"~"^] 

N-l k-1 

Bi+i ig) Cj+i '-^ - XI X/ [i^"'T~^^^i+i ^ eia{da)^~'"~'^ - (aa)"aej ig 62+1(00)^"""-^] 

fe=l v=0 

^Bi-i (g ej+i aBi ® ej+i. 

AT-lfc-l iV-l 

Hence (pifi ■ C^uJi^i{Bi ®Bi) = ''^—{ad)'"aid{ad)^~'"~^ = —k{aidi)^ = —S{aidi)^ . And 

fe=l v=0 fe=l 

Af-lfe-l Af-1 

<^i,o ■ £^wi,i(ei+i ei+i) = (-1) X y^(-l)(aQ)"aat(aa)-'^~''~^ = ^ H^iO-i)'^ = S{diai)^ . 

k=l v=0 k=l 

' (g ej —S{aidi)^ 



Finally, ipi^ ■ £^Wi_i(ei_i (g Ci+i) = 0. Hence (pi^o ■ : 



Cj+i (g ej+i S'(ai+iai+i)-^. 



Now, X2,o(ei + Ci+i) : ■( ' ^ ^ \i+if - \n charK = 2, then ^i^o^i 



Ci 6, {-iy{aiai)^ 
^e^+i (g e^+i {-iy+^ {ai+idi+iY 
(fiifi ■ C^u)\^i = Sx2,o{£i + £i+i)- However, if charK ^ 2 then, since charK | N, we have 25 = 
{N - 1)N = so that 5 = and hence </?i,oWi,i = 0. □ 



By considering all possible products of the basis elements of HH*(Ajv) from Proposition 4.1, we 
are now able to give the main result of this section. We do not explicitly list the relations which 
are a direct consequence of the graded commutativity of HH*(Ajv). Note that we can check that 
we do indeed have all the relations by comparing dimHH"(Ajv) from Proposition 2.3 with the 
dimension in degree n of the algebra given in Theorem 4.8 below. 



Theorem 4.8. Suppose iV > 1, to > 3 and m even. 

(1) HH*(Ajv) is a finitely generated algebra with generators: 

1, {oidi)^ , [oidi + diUi] for i = 0, 1, . . . , to — 1 in degree 

<^i,0)V'i,o in degree 1 

for j = 1, . . . , to — 1 if char K | A'' in degree 1 

X2,o in degree 2 

ipm-i,-i,'4>m-i,i in degree to - 1 

Xm,i,Xm,-i in degree m. 

(2) Let = (0^0^)^ for i = 0, 1, . . . ,to — 1 and S = J2k=i ^- '^^^n HH*(Ajv) is a finitely 
generated algebra over HH°(Ajv) with generators: 
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1 

for i = 1, . . 

X2,0 

Xm,l ) Xm, — 1 

and relations 

^lo = 

<^TO-l,-lV'm-l,l = 

V-'m-l,lXm,-l = 
<<5l,0Xm,-l = Nx2,0'^m-1,-1 

=0 ifiy^j 



,m-l i/charK | iV 



in degree 
in degree 1 
in degree 1 
in degree 2 
in degree m - 
in degree m, 



^l,0^m-l,l = 
Vm-l,-lXm,l = 

XmSXm-1 = 



</5l,0<^m-l, 
V-'l,OXrn,l = 











<^l,oV'm-l,l = mXm,l£0 = tplfi^Pm-l-l 

Sx2fi{£i + if charK = 2 and i ^ m — 1 
Sx2,o{£m~i + So) i/charK = 2 and i = m — 1 
i/charK 7^ 2. 



Nx2,oi>m-i,i 
-- 



('^j Lei £i = (aiOi)^ and fi = [aiai + aitti] for i = 0, l,...,m — 1. T/ien the action o/HH°(Ajv) 
on the generators of HH"(Ajv) is described as follows, for all i,j = 0,1, ... ,m — 1. 



SiQ = Vfif ^ Xn,a 

fifj = Oifi^j 

fi<fm-l,-l = 

fiuiij =0 fori^ j 



£jX2,o =0 if i^O and char K \ N 

fiflfi = /iV-'l.O 

fitpm-1,1 = 

fi'^l,i = fi^lfi- 



£iXm,±l = (-l)'£OXm,±l 

fi^ = Ei + Ei+l 



fiXm,±l 







Corollary 4.9. For N > 1, m ^ 3 and m even, 

HH*(A;v)/Ar^K[x2 ,0) XtojI ) Xm,— i]/(x m,lXm, — 1 J 
anrf /lence HH*(Ai)/jV is a commutative finitely generated algebra of Krull dimension 2. 



5. The Hochschild cohomology ring HH*(AAr) for m^'i, m odd. 

In this section, N ^ 1, m ^ 3 and m is odd. Most of the details are similar to those in the 
previous section and are left to the reader. We consider separately the cases charK ^ 2 and 
charK= 2. 

5.1. Basis of HH"(AAr) ior N ^ 1, m ^ 3, m odd and charK ^ 2. 

Proposition 5.1. Suppose that N ^ 1, m ^ 3, m odd and charK. 7^ 2. For n ^ 1, the following 
elements define a basis o/HH"(Ajv). 

(1) For n even, n ^ 2: 

(a) Xn,S ■ e-i ® e-i+Sm ^ Ci for all i = 0,1, ... ,m - 1, with 

p — 2a — 1, O^a^p— 1 when t is odd and a + ^^^^ is odd. 




p — 2a, < a ^ p when t is even and a + | is even; 
eo ® esm ^ {aoao)^, with 

p — 2a — 1, O^a^p— 1 when t is odd and a + ^^^^ is even, 

p — 2a, ^ a ^ p when t is even and a + | is odd; 
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(c) For each j = 0, 1, . . . , m — 2 and each s = 1, . . . ,N — 1: 

(d) For each s = 1, . . . , TV - 1; 

I 1 ® Cfn—l I * (OSm— lam-iY, 
[eo O eo 1-^ (-l)^(am_iam_i)''; 

('ej For t = m — 1 and a = — (p + 1); ipn,cr '■ (g) ei+am+i '-^ {aa)^~^ai for all i 
0, l,...,m- 1; 

f/^ For t = m — 1 and r = p + 1; Vn,T : Cj+xm-i >■ {aa)'^~^ai-i for all i 
0, l,...,m- 1; 



(g) Additionally, i/charK | N, and for each 
6n,j ■ ej (S) Cj I— > (ajOj)^ . 



I j = 0, 1, . . . , m — 1 if ^ is even 
I j = 1, . . . , TO — 1 if is odd: 



(2) For n odd: 

(a) For t = and 6 = ±p: 'Kn,S ■ eo <S) esm (aoao)^/ 

(b) ^n,cr '■ e, (S) Cj+CTm+i '-^ {aa)^~^ai for all i = 0,1, ... ,m — 1, with 
a = p — 2-f if t is odd, 27 > p, 7 < 7 + is even, 

a = p — 2j — 1 if t is even, t ^ m — 1, j ^ p — 1, 2j > p — 1 and 7 + + | even, 
(T=p — 27 — 1 if t — m — 1, J ^ p, 2j > p — 1, ^ even; 

( c) (pn,cr ■ Ci (8) ei+crm+1 ^ /or a^H = 0, 1, . . . , TO — 1, 

{a = p — 2^ iftis odd, 27 ^ 7 ^ anrf 7 + even, 
(T = p — 27 — 1 iftis even, 7^0, 27 ^ p — 1 and 7 + + | even; 

(d) i}n,T ■ Ci ® Ci+T-m-i ^ {aa)^~^ai-i for all i ~ 0,1, ... ,m — 1, with 
T = p — 2j3 if t is odd, 2j3 < p, (3 ^ 0, and (3 + even, 
r = p - 2/3 - 1 iftis even, t^m- 1,P^0, 20 <p-l and P + + | even, 
T = p — 2/3 — 1 ift = m—l,l3^ —1, 2/3 < p — 1, ond (3 even; 

(e) Tpn,T ■ &i ® Ci+Tm-i ^ o-i-i for all i = 0, 1, . . . , m — 1 , with 

{T = p — 2/3 if t is odd, 2(3 ^ p, (3 ^ p, 2(3 ^ p, and /3 + even, 
T — p - 2(3 — 1 iftis even, (3 ^p - 1, 2(3^ p -1, and j3 + + | even; 

(f) For each j = 0, 1, . . . , to — 1 and each s = 1, . . . ,N — 1: En,j,s '■ ej (g) ej+i {aayaj; 

n-l 



I j = 0, 1, . . . , TO — 1 if is odd 



I J = 1, . . . , TO — 1 if 2^ is even: 



(g) Additionally, z/charK | N, and for each 

'. Cj (S> Cj + l ^ Oj . 

5.2. The Hochschild cohomology ring HH*(AAr) for ^ 1, to ^ 3, m odd and char IK ^ 2. 



Theorem 5.2. For N = 1, m ^ i, m odd and charK ^ 2, HH*(Ai) is a finitely generated algebra 
with generators: 

1, OiCLi for z = 0, 1, . . . , TO — 1 in degree 0, 

<^i,0)V'i,o in degree 1, 

7r2,o in degree 2, 

X4,o in degree 4, 

(Pm-i,-i,4>m-i,i in degree to - 1, 

7rm,i,7rm,-i in degree m, 

X2m,2,X2m -2 in degree 2m. 
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We note that if char(K) fm, then the generators n2fij''^m,i and iTm,-! are redundant. 
Corollary 5.3. For N = 1, m 3, m odd and charK ^ 2, 

HH*(Ai)/Ar ^ K[X4,0, X2m,2, X2m,-2]/(x"o " X2m,2X2m,-2) 

and hence HH*(Ai)/A/' is a commutative finitely generated algebra of Krull dimension 2. 

Theorem 5.4. For N > 1, m ^ 3, m odd and charK ^ 2, HH*(Ajv) is a finitely generated 
algebra with generators: 

1, {aicii)^ , [aiUi + aiUi] for i = 0,1, . . . ,m — 1 in degree 0, 
1^1,0)^1,0 in degree 1, 
wij for j = 1, . . . ,m — 1 if char K | A?' in degree 1, 

7I'2.0j ^2.j,i for J = 1, . . . , TO — 1 in degree 2 

02, j for j = 1, . . . ,m — 1 if char K | in degree 2, 
<^3,j for j = 1, . . . ,m — 1 if char K | A' in degree 3, 

X4,o in degree 4, 

ipm-i,-i,i>m-i,i in degree m-l, 

7rTO,i,7rTO,-i in degree m, 

X2m,2,X2m,-2 in degree 2m, 

(^2m+i,-2, '02m+i,2 i/ char K I N in degree 2m+ 1. 

Corollary 5.5. For N > 1, m ^ 3, m odd and charK ^ 2, 

HH*(AAr)/A/' = K[X4,0, X2m,2, X2m,-2]/(X2m,2X2m,-2) 

and hence HH*(Ai)/A/' is a commutative finitely generated algebra of Krull dimension 2. 
5.3. Basis of HH"(Aiv) for A" > 1, m > 3, m odd and charK = 2. 

Proposition 5.6. Suppose that N ^ 1, m ^ 3, m odd and charK = 2. For n ^ 1, the following 
elements define a basis o/HH"(Ajv).' 
(1) For alln^ 1; 

(a) Xn,s ■ Gi (8) Ci+sm Ci for all i = 0,1, ... ,m - 1, with 
\ p — 2a — 1, 0<a<p— 1 when t is odd, 
\p — 2a, ^ a ^p when t is even; 

\ p — 2a — 1, O^a^p— 1 when t is odd. 



S = 



(b) -Kn,5 ■ eo (S) esm 1-^ {o-odo) , with S . 

\p — 2a, < a < p when t is even; 

(c) ipn,<T ■ Cj (g) ei+am+i ^ cii for all i = 0,1, ... ,m — 1 with 

{p — 27 if t is odd, 27 ^ p, and 7 ^ 0, 

p — 27 — 1 if t is even, t ^ m — 1, 7^0, and 27 ^ p — 1, 
p-27-1 z/f = m-l, 27^p-l, 7^0; 

(d) iPn,a '■ (S) Cj+CTm+i {aa)^~^ai for all i = 0,1, ... ,m — 1 with 

p — 27 iftis odd, 27 > p, and 7 ^ p, 
cr = < p — 27 — 1 iftis even, t^m — 1, j^p — 1, and 27 > p — 1, 
p — 27 — 1 i/ f = TO — 1, 27 > p — 1, 7 ^ p; 

(e) '4'n,T '■ e-i ® Si+rm-i >■ «i-i for all i = 0,1, ... ,171 — 1, with: 

{p — 2(3 iftis odd, 2(3 > p, and /3 < p, 
p — 20 — 1 ift is even, t ^ m — 1, /3<p — 1, and 2/3 > p — 1, 
p- 2/3-1 ift = m-l,2p^p-l, /3^p-l; 
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n.m— l.s • 



(f) '^n,T '■ ® {aa)^~^ai-i for all i = 0,1, ... ,m — 1, with: 

{p ^ 2(3 if t is odd, 2(3 < p, and (3^0, 

p — 2(3 — 1 if t is even, t ^ m — 1, (3^0, and 2(3 < p — 1, 
P-2P-1 ift = m-l,2(3<p-l,(3^-l. 

(2) For n even, n > 2; 
(a) For each j = 0,1, . . . ,m — 2 and each s = 1, . . . ,N — 1: 

i Cj (g) Cj ^ (ajajY . 

-^n,j,s • \ /_ X e 

(h) For each s = l,...,N -1: 

em-i <8>em_i H^- {am-iam-iT, 

^eo eo 1-^ (a,„_ia„i_i)*; 

(c) Additionally, if char K | N and for each j = 0, 1, . . . , m — 1; 0n,j '■ ® {(^j^j)^ ■ 

(3) For n odd: 

(a) For each j = 0,1, . . . ,m — 1 and each s = 1, . . . , N — 1: En,j,s '■ <8> '-^ {aaYaj; 

(b) For each j = 0,1, . . . ,m — 1: cunj '■ ej (8) Cj+i i— *■ aj. 

5.4. The Hochschild cohomology ring HH*(Ai) for N ^ 1, m ^ 3, m odd and charK = 2. 

Theorem 5.7. For N = 1, m ^ 3, m odd and charK = 2, HH*(Ai) is a finitely generated algebra 
with generators: 

1, aitti for i = 0,1, . . . ,m — 1 in degree 0, 

<Pi,05'^i'i,o in degree 1, 

X2,o in degree 2, 

ipm-i,-i,i}m-i,i in degree m-1, 

Xm,i,Xm,-i in degree m. 

Corollary 5.8. For N = 1, m ^ 3, m odd and charK = 2, 

HH*(Ai)/Ar ^ K[X2,0, Xm,l> Xm,-1]/(X™0 - Xm,lXm,-l) 

and hence HH*(Ai)/7V is a commutative finitely generated algebra of Krull dimension 2. 

Theorem 5.9. For N > 1, m ^ 3, m odd and charK = 2, HH*(Ajv) is a finitely generated 
algebra with generators: 

1, {aiOi)^ , [aiOi + aiOi] for i = 0,1, . . . ,m — 1 in degree 0, 

1^1,0, V'1,0 in degree 1, 

for j = 0,1, . . . ,m — 1 charK | A'' in degree 1, 

X2,o in degree 2, 

(/9m_i _i, Vm-1,1 in degree m-1, 

Xm,i,Xm,-i in degree m. 

CoroUciry 5.10. For N > 1, m ^ 3, m odd and charK = 2, 

HH*(Ajv)/A/'^K[x2 ,0? Xm,!-; Xm,— l]/(Xm,lXm,-l) 
and hence HH*(Ajv)/.A/' is a commutative finitely generated algebra of Krull dimension 2. 



6. The Hochschild cohomology ring HH*(AAr) for m = 2 
Recall, from Theorem 3.1, that dimHH°(Ajv) = 2A^ + 1. We start with the case N = 1. 
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6.1. The case N = 1. 



Proposition 6.1. For m = 2 and N = 1, 

dimHH"(Ai) = 



[3 ifn = 0, 

l2(n + l) ifn^O. 



Proposition 6.2. For m = 2 and N = 1, the following elements define a basis o/HH"(Ai) for 

(1) For n = 2p even, n ^ 2; 

(a) For -p^as^ p: Xn,a ■ &i ® ei+2a ^ (-l)(^'+")*ei for i = 0, 1; 
(h) For -p^a ^ p: 7r„,„ : eo (g) e2a '-^ ao^o- 

(2) For n = 2p+l odd: 

(a) For -p - 1 ^ 7 ^ p; : Ci (g) ei+2^+1 ^ {-l)^P+'^'>'ai for i = 0, 1; 

(b) For-p-1^0^ p: Vn,/3 : ^ 6^+2/3+1 ^ fori = 0,1. 

It is straightforward to give liftings of these elements and we omit the details. Further compu- 
tations enable us to give generators for HH*(Ai). 

Theorem 6.3. For m = 2 and N = 1, HH*(Ai) is a finitely generated algebra with generators: 

l,aoao,aiai in degree 0, 

(pifi,(pi-i,ipifl,ipi-i in degree 1, 
X2,o,X2,nX2,-i in degree 2. 

In order to give the structure of the Hochschild cohomology ring modulo nilpotence, it can now 
be verified that 1, X2,0j X2,i, X2,-i are the non-nilpotent generators of HH*(Ai) and that X20 — 
X2,iX2,-i- This gives the following result. 

Corollary 6.4. For m = 2 and N = 1, 

HH*(Ai)/AA = K[x2,o, X2,i, X2,~i]/(X2,o ^ X2aX2,-i) 

with X2,0) X2,i) X2,-i 0.11 in degree 2. Thus HH*(Ai)/A/' is a commutative finitely generated algebra 
of Krull dimension 2. 



6.2. The Ccise > 1. We start by giving a basis of cocycles for each cohomology group, together 
with a lifting for each basis element. We shall use once more the notation (n) e {0, 1, . . . , m — 1} 
for the representative of n modulo m. 



Proposition 6.5. For m = 2 and N > 1, 

dimHH"(AAr) = < 



2iV + l ifn = 0, 

2N + 2n ifn^l and charK f N, 

2N + 2n + l ifn^land charK | N. 



Proposition 6.6. For m = 2, N > I and for each n ^ 1, we give a basis for the cohomology 
group HH"(AAr) together with a lifting for each basis element. 

(1) For n even, n > 2: 
• For —p^a^ p: 
o Xn,a ■■ ei (g) ei+2a ^ (-l)(*"")'ei for i = 0,l, 
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'(_l)(f-«>e.^e,+q_2^ 


(_l)(f-")^(aa)A'-ie 



N-1 



N-1 



g) €1+2(0,0,) 

(_l)(f-")«(aa)A'-ie,^e,_2(aa) 
(_l)(t-)» [E^^o'M'e. ® e,+iM^-'=-i + 

(-1)^ Ef=o^(aa)''ae(i_i) (g) e(^i_i)+ia{aa)^-'''^ 
for i = 0,1 and ^ £ ^ q. 
• For —p ^ a ^ p: 

o T^n,a ■ eo (g e2a ^ {ooao)^ , 

' {aa)^eo ® eg-2e 



if {q - 2l)a > 

if {q - 2l)a < and \q -2i\>2 
if a <0 and q - 2i = 2 
if a> and q-2£= -2 



if a <0 and q — 21 
if a > and q — 2i 



= 1 



= -1 



O /:%„,a(eo ® e,_2^+2a) = < 



(aa)^eo«)ei(aa)^-i 

(aa)^eo«)e_i(aa)^-i 





ifaiq-2i)^0 
ifq-2£= 1 anda<0 
ifq-2£= -1 anda>0 
otherwise 



o R 



for allO^i^q. 

• For each 1 ^ s ^ N — 1: 

[eo (g) eo i-> {aoaoY 
[ei g) ei (-l)t (aoao)^ 

I eo g) eg_2^ 1-^ (aoao)^eo g) eg_2£ 
[ei (g) ei+g_2£ (-l)t(aoao)*ei (g) ei+g_2£, 
for allO^£i^q. 

• For each 1 ^ s N — I: 
f ei g) ei 1-^ (aiaiY 
[eo (g) eo i-s- (-l)^(aiai)*, 

j ei (g)ei+g_2£ (aiai)^ei (g)ei+,_2« 
|eo <g) eg_2£ (-l)^(aiai)*eo (g) eg_2£, 
/or a/? ^ £ ^ g. 

• Additionally for charK | N: 
o 0„ : ei g) ei 1-^ (oiai)^, 

o : ei (g) ei+,_2£ 1-^ {aiai)^ei (g) ei+g_2£ /or all i ^ q. 
(2) For n odd: 

• For — p — 1 < 7 < 0; 

o : ei (g ej+2^+1 H^- ^)*ai(aa)^~i /or i = 0, 1, 

O ^''Vn,j{ei'Siei+2-(+l+g-2l 



n,0,s 



O Pn,l,s '■ 

O C^Fn,U 



ifq-2t>\ 

-(-l)('^-'')*(aa)^-iei ® ei+ia(ao)^-i ifq-2£=\ 

\ (-1)('^-T)'ei ® ei+<,_2^a(aa)^-i ifq-2£^0 
for I = 0, 1 and for all ^ £ ^ q. 
For ^ 7 ^ p : 



O If. 



: ei (g) ej+2T.+i (-l)*-"^ ^^'cti /«?' « = 0, 1, 
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❖ //7 > 0, then C'^(pn,j{ei (g) 6^+27+1+9-2^) = 



(-1) 



Ci ei+q-2ea 

. AT-l 

(_l)9+(T^-7)i 



Lfe=o 



JV-2 



(-l)V ^(aa)*=ae(i_i) 0e(i_i)+i(aa)^ ^ 

fc=0 

(_l)9+(^-7)^(5„)JV-ig^ ^ e,_2(aa)^-ia 


for z = 0, 1 and for all ^ £ ^ q. 
o //7 = 0, i/ien £«(p„,o(ei (8) 61+1+5-2^) = 

n — 1 ■ 

(g) ei+g_2^a 

[ci ei+q-2ea - (-l)«(iV - l)ei O 6^+9-2^+20(00) 
(_l)</+^«7Ve, ® e,+,_2^a(aa)^-i 

{N-l k-1 



\iV-ll 



ifq-2i^0 



ifq-2i=-l 

ifq~2£=-2 
ifq-2£< -2 



ifq-2e = q 
if0^q-2£< 
ifq-2£< -1 



(-l)^ (aa)''ae(i+i) (8)e(i+i)_i(aa) 



JV-D-l 



+ 



(-1)— (aa)''ae(i_i) ® e(i_i)+i(oo)^-''-i+ i/g - 2^ = -1 
{aayci (g) ej_ia(aa)^-''-i] 



JV-l 



fe=0 J 

/or z = 0, 1 ami for all ^ i ^ q. 
ForO^P^ p: 

o tlJn,0 ■■ ei ei+2/3+1 ^ (-l)('^"'^)*a(aa)^-\ 

{0 i/g-2£<-l 
(_l)(^-/3)«(oa)W-ie, e,_ia(ao)^-i z/g - 2^ = -1 

(_l)(^-/3)iei ® e,+,_2^a(aa)^-i z/g - 2£ > -1 
/or i = 0, 1 and for all ^ i ^ q. 
For -p - 1 < /3 < 0; 

o V'n,/3 : Ci e^+2/3+1 1-^ (-l)(^"'^)*a, 
o If P < -1, i/ien C'iil)n,0{ei O 6^+2/3+1+9-2^) = 
(_l)(T^-/5)ie, ej+,_2£a 



(_l)(^-/3)^ 



{aa)^ei (g) ei+ia(aa) 



N-k-l 



+ 



fe=0 



JV-2 



fc=0 



(_l)(^-/3)i(aa)^-iei 6^+2(00)^-15 


/or i = 0,1 and for all ^ i ^ q. 



ifq-2i < 1 



ifq-2e = l 

ifq-2e = 2 
ifq-2i>2 
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o If 13= -I, then ,-i(ei ei_i+q_2£) = 

n — 1 ■ 

(-l)~'ei ® ei+q-2ia 



if -q < q ~2£ ^0 
ifq-2£>l 



'Af-l fe-1 



(-1)^' \ ^ ^ [(Safe, ® e,_ia(aa)^-''-i+ 



(-l)^(ao)''oe(i_i) ® e(i_i)+i(oa)^-''-i + 

(-l)^(aa)'^ae(,+i) ® e(,+i)_i(aa)^-''-i+ if q - 2£ = 1 
{aayei (g) ei+ia(aa)^-''-i] 



AT-l 



{aa)^ei (8> ej+ia(oa) 



JV-fe-l 



/c=0 J 

/or i = 0, 1 anrf /or all ^ i ^ q. 
• For each j = 0, 1 and each 1 ^ s ^ N — 1: 
o Enj^s ■ Sj ® Cj-i 1-^ {aaYcij, 
o J^fEr^j,, : 

ej i8> Gj-i !--> (aa)'*ej <8> e^a 

JV-s JV-s 

ej <8) ej ^ ^ [(aa)''+*ej (gi ej_ia(aa)-'^~''~^ + 

(-l)^(aa)^+'^aej_i ejM^-"-! 



/or allO^^i^q. 
• Additionally for char IK | N: 
o a;„ : eo (8> ei ao, 
o : 



eo 



ei IX) ei 



AT-l fe-l 



iaa 



,N-v-l 



[(-l)~(aa)''aei 0eo(c 

k=l v=0 

{aaYeo ® eia{aa)^~^~^~\ if q is odd 
(-1)^ ^ ^ [(aa)"+iei ® 600(00)^-"-^ + 

fe=l t! = 



(— l)''^ (aa)"aeo ei(oa) 



iV-i)-l 



if q is odd 



if q is even 

if q is odd 
if q is odd 



e(_„) (8)e(_^)+2^ (-1) 2 |^(_i)''+ -2 ae(_^,+i) (Xie(_„+i)+2,,-i- 

e(_-v) e(^_y^^2v+iO-{aa)^^^'\ for 1 ^ r ^ anrf g orfrf 
e(-„> ®e(_^)+2^+i (-1)^" [e(_^) (g) e(_^)+2,;a - (-l)"+5a(aa)^~^e(_„_i) (g) e(_^_i)+2,;+2] 

/or < t; < I and q even 
for allO^e^q. 
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Theorem 6.7. For m = 2 and N > 1, HH*(A/^) is a finitely generated algebra, with generators: 

1, {aocio)^ , (aioi)^, (aoao + aooo), (aioi + oioi) in degree 0, 

</'i,o,</3i,„i,7/'i,o, "01,-1, -E'l.o,! in degree 1, 

u>i i/charK | in degree 1, 

X2,o,X2,i,X2 -1,-^2,0,1 in degree 2. 

It is easy to verify that the non-nilpotent generators of HH*(Ajv) are 1, X2fi, X2,i and X2,-i5 and 
that X2, 1X2,-1 = 0. Thus we have the following theorem. 

Corollary 6.8. For m = 2 and N > 1, 

HH*(Ajv)/Ar ^ K[x2,o, X2,i, X2,-i]/(X2,iX2,-i). 
Hence HH*(Ajv)/j'V is a commutative finitely generated algebra of Krull dimension 2. 



7. The Hochschild cohomology ring HH*(Ajv) for m = 1 

We start by giving the centre of the algebra, since HH'^(Ajv) = Z{An)- 

Theorem 7.1. Suppose that m = 1. Then the dimension o/HH'^(Ajv) is N + 3, and a K-basis of 
HH°(A;v) is given by 

{1, {aa)^, [{aay + (oa)"] for 1 ^ s ^ N - 1, a(aa)^-\ a{aa)'^-^} . 
Thus HH°(A;v) is generated as an algebra by 

{l,a,a} ifN=l; 
{l,{aR)^ ,[aa + aa],a{aa)^-^,a{aa)^-'^] if N > 1. 

7.1. The case iV = 1. The algebra Ai is a commutative Koszul algebra. The quiver has a single 
vertex 1 and two loops a and a such that = 0, = 0, and 00 = aa. The structure of the 
Hochschild cohomology ring for Ai with m = 1 was determined in [1]; we state the result here for 
completeness. Note that we have HH°(Ai) = Ai in this case. 

Theorem 7.2. [1] For m = 1 and N = 1, we have 

Ai(uo, ui,xo, xi)/{uq, uf, auo, aui,axo, axi) if char K 7^ 2, 
^Ai[yo,2/i] j/charK = 2, 

where xo,xi are in degree 2 and uq, mi, 2/0, 2/i in degree 1. 



HH*(Ai) ^ 



We remark that we could also have used the Kiinneth formula [16, Theorem 7.4 p297] together 
with HH*(A), where A = K[x]/{x'^). The cohomology of A has been studied in several places in 
the literature including in [4, 15]. 

We can now give the structure of the Hochschild cohomology ring of Ai modulo nilpotence and 
its Krull dimension. 

Corollary 7.3. For m = 1 and N = 1, 

K[xo ,xi] if char K ^ 2 



HH*(Ai)/AA: 



K[t/o,yi] i/char]K = 2, 



where xo.xi are in degree 2 and yo, yi are in degree 1. Hence HH*(Ai)/A/' is a commutative finitely 
generated algebra of Krull dimension 2. 
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7.2. The case N > 1 and charK ^ 2. For the case N > 1 and m = 1 there are two subcases to 
consider, depending on whether the characteristic of the field is or is not equal to 2. Firstly we 

suppose that char IK ^ 2. 

Proposition 7.4. Form = 1,N > 1 and ch&vK ^ 2, the dimensions of the Hochschild cohomology 
groups are given by diniHH°(Ajv) = N + 3 and, for n > 1, 

N + 4n + 3 z/charIK = 2, 

TTTTn^A \_j N + n + 2 j/charK^ 2, charKjiV, 

(Awj - <j ^ ^ ^ 2 j/charK 7^ 2, charK \N,n = 1,2 (mod 4), 

7V + n + 3 i/ charK 2, charK I TV, n = 0,3 (mod 4). 

We now describe explicitly the elements of the Hochschild cohomology groups HH"(A7v) for 
n ^ 1, in order to give a set of generators for HH*(AAr) as a finitely generated algebra. Recall 
that HH°(Ajv) = Z{An) and was described in Theorem 7.1. For each cocycle / € Hom(P"', Ajv), 
we continue our practice of writing only the image of each generator ei_|_„_2r in P" where 
that image is non-zero. However, since we have a single vertex, we write 1 for cq, and we use the 
notation 1 (g)^ 1 instead of eg (g) e„_2r for the generator of the r-th summand AjvCq 18) e„_2rAjv of 
P". (Recall that r = 0, . . . , n.) This notation ensures that, in this single idempotent case m = 1, 
we continue to avoid any confusion as to which summand of P" we are referring. 

Proposition 7.5. Suppose that m = 1,N > 1 and charK ^ 2. The following elements define a 

basis o/HH"(Aa,) forn^l. 

(1) For all n ^ 1 and ^ r ^ n with r even: Xn,r : 1 (gr 1 > 1- 

(2) For n even, n ^ 2: 

(a) ipnfi : 1 ®o 1 a(aa)^"\- 

(b) (pn,n : 1 (gn 1 1-^ a(aa)^~\- 

(c) For 1 < r < n and r odd: Wn^r : 1 (8>r 1 >■ (ao,)'^ ; 

(d) For each s such that 1 < s ^ TV - 1; Fn.s ■ 1 ®n/2 1 ^ {aaY + (-l)t(aa)*; 

(e) Additionally, for charK | iV, ifn = (mod 4); ^„ : 1 (8)„/2 1 1— > (aa)^. 

(3) For n odd: 

(a) For ^ r ^ and r even: (pn^r : 1 1 a; 

(b) For ^ r ^ n — 1 and r even: fn.r : 1 1 > {aa)^~^a; 

(c) For 1 < r < and r odd: ^pn,r ■ 1 €5^ 1 {aa)^~^a; 

( d) For < r < n and r odd: ipn,r '■ 1 (8>r 1 a; 

(e) 7r„,+ : 1 (8)0 1 1-^ (aa)^ ; 

(f) 7r„ _ : 1 1 1-^ (aa)^; 

(g) For each s such that 1 ^ s ^ N — 1: En,s '■ 1 ®{n-i)/2 1 ^ {aaYa. 

(h) Additionally, for charK | A'', ifn = 3 (mod 4) and r = tlJn,r : 1 0r 1 * 

We omit the liftings for this case, since the calculations are straightforward, and give generators 
of the Hochschild cohomology ring. 

Theorem 7.6. For m = l,Ar > 1, charK ^ 2, HH*(Ajv) is a finitely generated algebra with 
generators: 

1, aa + aa, a{aa)'^~^, a{aa)'^~^, {aa)^ in degree 0, 

Vifi^ipi.i in degree 1, 

X2,o, X2,2, 7r2,i, P2,i, 'P2,2, ^2,2 in degree 2, 

</'3,2, V'3,1 ifi degree 3, 

i'3,2 charK | N in degree 3, 

X4, 2,^4,1 in degree 4- 
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The non-nilpotent generators of HH*(Ajv) are precisely those elements given in the above theo- 
rem whose image does not lie in r, that is, the elements l,X2,o,X2,2 and X4,2- This gives the next 
result. 

Corollary 7.7. For m = 1, N > I and char IK ^ 2, 

HH*(Ajv)/Ar ^ K[X2,0,X2,2,X4,2]/(X2,0X2,2). 

Hence HH*(Ajv)/^ is a commutative finitely generated algebra of Krull dimension 2. 

7.3. The case N > 1 and charK = 2. In this final case, we continue to keep the notation that 
1 0r 1 = Co e„_2r for r = 0, 1, . . . , n. 

Proposition 7.8. For m = I, N > I and charK = 2, then dimHH"(AAr) = 4n + iV + 3 /or all 
n > 0. 

Proposition 7.9. Suppose that m = 1, N > 1 and charK = 2. For n > 0, the following elements 
define a basis o/HH"(Ajv). 

(1) For all n ^ 0.- 

(a) For r = 0, . . . ,n: Xn,r '■ 1 ®r 1 '-^ 1; 

(b) For r = 0, . . . ,n: 'Kn,r '■ 1 (8>r 1 {aa)^ . 

(2) For n even, n ^ 2; 

(a) For r = 0, 1, . . . 'fn,r ■ l®r^^ a; 

(b) For r = ^, . . . ,n — l,n; ipn,r '■ 1 (8>r 1 >— >■ {aa)^~^a; 

(c) i^or r = 0, 1, . . . , f .- ipn^r ■■ 1 (8)r 1 1-^ {aa)^~'^a; 

(d) For r = . . . , n — 1, n; ipn,r '■ 1 <8)r 1 a; 

(e) For j = 1,...,N -1: F„j : 1 (8)„/2 1 ^ {aaY + {aaY . 

(3) For n odd: 

(a) For r = 0, 1, . . . 2^^: ipn,r ■ 1 ®r ^ '—^ a; 

(b) For r = . . . , n - 1, n; ip^^r ■ 1 (g),- 1 i-» {ad)^-^a; 

(c) Forr = Q,l,...,^: ^jj^-r : 1 0^ 1 ^ (00)^-^0; 

(d) For r = ^^ii ^ . . . ,n — l,n: ^n,r ■ 1 ®r 1 ^ o,; 

(e) Forj = l,...,N-l: Enj : 1 (gj^+i 1 ^ a{aay . 

Again we omit the details of the liftings, and state directly the generators of HH*(Ajv). 

Theorem 7.10. For m = 1, N > 1 and charK = 2, the Hochschild cohomology ring HH*(Ajv) is 

finitely generated as a K-algehra with generators 

1, aa + aa, (aa)^^^a, {aa)^~^a, (aa)^ in degree 0, 
Xi,o,Xi,i,</5i,o,'^i'i,i in degree 1, 

X2,i,i>2,2 in degree 2. 

Corollary 7.11. For m = l,N >1 and charK = 2, 

HH*(Ajv)/Ar ^ K[xi,o, Xi,i, X2,i]/(xi,oXi,i)'- 
Thus HH*(AAr)/A/' is a commutative ring of Krull dimension 2. 
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8. Summary 



In conclusion we have the following theorem. 

Theorem 8.1. For all N ^ 1 and m > 1, HH*(A/^) is a finitely generated ^-algebra. Moreover 
HH*(Ajv)/A/' ^5 a finitely generated ^-algebra of Krull dimension 2. 

In particular the theorem holds for the algebras Ai which occur in the representation theory of 
the Drinfeld doubles of the generalised Taft algebras ([6]), and for the algebras of Farnsteiner and 
Skowronski ([8]). Moreover the conjecture of [18] has been proved for this class of algebras. 

We conclude the paper by recalling the following simultaneous conditions which were considered 
in [7]: 

(Fgl) There is a commutative Noetherian graded subalgebra H of HH*(Ai) such that = 
HH°(Ai). 

(Fg2) Ext^^ (Ai/t, Ai/t) is a finitely generated iJ-module. 

In the case A'' = 1, it is immediate from the above results that the algebras Ai satisfy the 
condition (Fgl) with H = HH°''(Ai). We know that Ai is a Koszul algebra with Ext^^ (Ai/r, Ai/r) 
being the Koszul dual of Ai. Hence Ext^^ (Ai/t, Ai/r) = KQ/T where Q is the quiver of Ai and 
T is the ideal of KQ generated by aja, + Ui-iUi-i for alH = 0, 1, . . . , m — 1. It may be verified 
that the condition (Fg2) also holds with H = HH''^(Ai), the full details being left to the reader. 

The conjecture of [18] concerning the finite generation of the Hochschild cohomology ring modulo 
nilpotence was motivated by the work on support varieties. The fact that Ai, which is self-injective, 
and H = IIII''^(Ai) together satisfy (Fgl) and (Fg2) means that the support varieties for finitely 
generated Ai-modules satisfy all the properties of [18] and the subsequent work of [7] on self- 
injective algebras. 
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